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An atomic projectile colliding with a surface at kinetic energies in the thermal or hyperthermal range interacts with and is reﬂected by the electronic density well in front of the ﬁrst layer of target atoms, and it is generally accepted that the repulsive interaction potential is proportional to the density of electrons extending
outside the surface. This review develops a complete treatment of the elastic and inelastic scattering of atoms
from a conducting surface in which the interaction with the electron density and its vibrations is treated
using electron-phonon coupling theory. Starting from the basic principles of formal scattering theory, the
elastic and inelastic scattering intensities are developed in a manner that identiﬁes the small overlap region
in the surface electron density where the projectile atom is repelled. The effective vibrational displacements
of the electron gas, which lead to energy transfer through excitation of phonons, are directly related to
the vibrational displacements of the atomic cores in the target crystal via electron-phonon coupling. The
effective Debye-Waller factor for atom-surface scattering is developed and related to the mean square displacements of the atomic cores. The complex dependence of the Debye-Waller factor on momentum and
energy of the projectile, including the effects of the attractive adsorption well in the interaction potential,
are clearly deﬁned. Applying the standard approximations of electron-phonon coupling theory for metals to
the distorted wave Born approximation leads to expressions which relate the elastic and inelastic scattering
intensities, as well as the Debye-Waller factor, to the well known electron-phonon coupling constant 𝜆. This
treatment reproduces the previously obtained result that the intensities for single phonon inelastic peaks
in the scattered spectra are proportional to the mode speciﬁc mass correction components 𝜆Q,𝜈 deﬁned by
the relationship 𝜆 = ⟨𝜆Q,𝜈 ⟩. The intensities of elastic diffraction peaks are shown to be a weighted sum over
the 𝜆Q,𝜈 , and the Debye-Waller factor can also be expressed in terms of a similar weighted summation. In
the simplest case the Debye-Waller exponent is shown to be proportional to 𝜆 and for simple metals, metal
overlayers, and other kinds of conducting surfaces values of 𝜆 are extracted from available experimental
data. This dependence of the elastic and inelastic scattering, and that of the Debye-Waller factor, on the
electron-phonon coupling constant 𝜆 shows that measurements of elastic and inelastic spectra of atomic
scattering are capable of revealing detailed information about the electron-phonon coupling mechanism in
the surface electron density.
© 2022 Elsevier B.V. All rights reserved.

1. Introduction
The scattering of well deﬁned beams of atoms and small
molecules with energies in the thermal or hyperthermal range has
a long history in the investigation of surfaces and surface proper-
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ties and the extensive literature has been surveyed in a number of
important review articles [1–15]. The seminal experimental work
was carried out by Stern and his students, initially in laboratories
in Frankfurt [16,16b] and later in Hamburg [17,17b]. Although they
were using thermal beams, with a broad Maxwellian distribution of
energies, they were able to conﬁrm the existence of the de Broglie
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wavelength of an atom through demonstrations of diffraction of a
He beam by a LiF(001) surface [18,18c]. Further work demonstrated
the presence of the attractive van der Waals adsorption well in
the atom-surface interaction potential via observations of resonance
with its bound states [19,19b], a process later given the name selective adsorption [20,20c].
The development of the supersonic jet beam [21–23] provided
an impetus to the ﬁeld because this produced a nearly monoenergetic and highly angularly deﬁned beam of projectile atoms. Also at
roughly the same time ultra high vacuum techniques became highly
developed and this provided new methods for maintaining the cleanliness of prepared surfaces for periods long enough to make wellcontrolled measurements. As a result, atom scattering, and in particular He atom scattering (HAS) has become a major tool in the
arsenal of experimental techniques for surface analysis. Its particular
attributes are that with typical kinetic energies in the meV range it is
non-destructive, while the de Broglie wavelengths are comparable to
crystal lattice spacing making diffraction a highly probable process.
Similarly, the energies and wavelengths are comparable to those of
phonons, making interactions with single phonons or small numbers
of phonons a readily measurable process.
Since very early on it has been generally understood that low
energy atoms are repelled from a crystal surface at distances well
in front of the positions of the ﬁrst layer of atomic cores, and that
this repulsive force originated from the Pauli exclusion [24] of electrons in the two weakly overlapping electronic densities, that is to
say the overlap of the electron cloud of the atom with the weak
and decaying electronic density as it extends outward from the crystal surface. Because this repulsive force originates as the incoming
atomic electron density attempts to embed itself in the rareﬁed density of surface electrons, it is a logical assumption that the interaction potential should be proportional to the surface electron density in the region of the classical turning point [25]. This electron
density is to a good approximation exponentially decaying with distance far from the surface. In fact, the ﬁrst mathematical treatment
of the eigenfunctions of an exponential potential was developed by
Mott and Jackson while investigating energy transfer at a gas-surface
interface [26]. In that same paper their wavefunctions were used to
calculate the Mott-Jackson matrix elements of an exponential perturbing potential, and those matrix elements were used to calculate
what is now known as single phonon excitations in the distorted
wave Born approximation (DWBA). However, the ﬁrst quantitative
theoretical veriﬁcation of the proportionality between the repulsive
force on an atom and the surface electron density was provided much
later by Esbjerg and Nørskov in 1980 [27]. This question has subsequently been addressed by others and although there is signiﬁcant
disparity on the value of the proportionality constant, the basic concept of the potential being proportional to electron density appears
to be well established [28,29].
Because of the small kinetic energies involved it is generally
accepted that the dominant method of energy transfer in atomsurface collisions is through excitation of phonons. When speciﬁcally referring to conducting surfaces, there is also the question of
whether an atom colliding with the surface will generate electronic
excitations, and the most likely process at least for metals would be
the creation of electron-hole (e-h) pairs. For the particular case of
He atom scattering, there have been a number of theoretical studies of the possibility of electronic excitations and the results, with
only very special exceptions, indicate that electron-hole pair creation
is negligible under normal experimental conditions [30]. For heavier atoms, such as the other rare gases, the excitation of e-h pairs
becomes somewhat more probable, but for the most part remains
small and the dominant process for gas-surface energy transfer is
through creation and annihilation of phonons.
The fact that incoming atomic projectiles are repelled by the
weak electron cloud far outside the surface means that they do

not directly sense the positions and vibrations of the target core
atoms, but rather sense the target atoms only indirectly through
electronic interactions. This has signiﬁcant importance in the case
of gas-surface energy exchange via phonons. Because of the distant
interaction, atomic projectiles sense the vibrations of the surface
electrons, and only indirectly those of the core atoms, and the latter may be quite different from the former in both amplitude and
polarization. This was ﬁrst realized experimentally in He atom scattering from the Cu(001) surface where it was observed that the scattering cross section for excitation of the longitudinal phonon resonance was seemingly anomalously large compared to the weak signal that would be predicted based on the polarization vectors of the
crystal cores [31]. Many other such events have subsequently been
observed in which the vibrations of the surface electron density produces He atom scattering intensities that behave quite differently
than those that would be predicted upon considerations of the core
vibrations alone [32–34]. This strong involvement of the electron
density response makes atom scattering signiﬁcantly different from
other commonly used methods, such as electron, X-ray or neutron
scattering, all of which directly measure the vibrations of the cores.
In atom-surface scattering the atom senses an effective vibrational
displacement, that of the surface electrons, and only indirectly the
vibrations of the cores.
More recently the problem of how to determine the effective
vibrational displacement for inelastic atom-surface scattering has
been treated in a novel manner using electron-phonon interaction
(e-ph) theory [35]. This treatment uses extensions, appropriate for
the atom-surface interaction, of the theory of electron-phonon interaction adapted from that used in the theory of superconductivity
[36,37]. Explicit calculations of single quantum annihilation and creation show that the intensities of scattering by single phonon events
in metals are directly proportional to the mode selected components
of the electron-phonon coupling constant 𝜆 introduced into the theory of superconductivity by Eliashberg [38] (note that 𝜆 is sometimes known as the electron mass correction factor). Quantitative
theoretical agreement was demonstrated with experimental measurements of He atom scattering by the shear-vertical (SV) modes
of thin, ordered multilayers of Pb on a Cu(111) substrate [35,39].
The purpose of this paper is to review and expand on the work
of Sklyadneva et al. [35,39] and to present a more complete picture of the electron-phonon contribution to both elastic and inelastic
scattering of atoms by surfaces. This work identiﬁes and places into
quantitative terms a number of features of the atom-surface interaction potential for both elastic and inelastic scattering. The electronphonon interaction couples the motion of the electron density to that
of the crystal cores and allows explicit determination of the effective vibrational displacements sensed by the colliding atomic projectiles. Hence the phonon vibrations giving rise to energy transfer
to the atomic projectiles are directly related to the actual vibrations
of the cores, i.e., to the same vibrational displacements measured by
electron, X-ray or neutron scattering.
In the process the position and thickness of the thin region of
the electron gas where the overwhelming majority of the repulsive interaction occurs is clearly and quantitatively delineated. This
thin layer can be identiﬁed with the topology of the quasi-twodimensional layer that is often called the locus of classical turning
points, or region of closest approach. This identiﬁcation arises naturally because the electron-phonon interaction with the incoming
projectile atom occurs in the region of overlap between the surface
electronic wave functions, as they decay away outside the last crystal layer, and the distorted wave functions of the atomic projectiles
which decay extremely rapidly in the opposite direction into the surface.
Very important to any many body scattering system is a proper
treatment of the Debye-Waller (D-W) factor. The Debye-Waller
expression is usually written as exp{−2W(kf , ki )} and appears as a
2
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multiplicative factor in calculations of the intensity of any coherent
quantum mechanical component of the observable scattered intensity, such as diffraction peaks, diffuse elastic intensity, or inelastic
scattering. It is interpreted as a decrease in a particular quantum
mechanically coherent intensity component due to increasing fractions of intensity directed into inelastic phonon transfer channels.
As a part of this work we review the formal treatment of atomsurface scattering theory and demonstrate how the Debye-Waller
factor arises naturally when starting from ﬁrst principles. In particular, we show how the full Debye-Waller factor should appear in
a proper treatment of the distorted wave Born approximation. This
is important, because many theoretical treatments of single phonon
inelastic scattering rely on the DWBA, and if approximations leading
to the DWBA are invoked too early in such a theoretical analysis, the
Debye-Waller factor does not appear or is incorrectly evaluated [40].
The process of determining the correct Debye-Waller factor for
atom scattering leads to an identiﬁcation of the effective mean
square displacement sampled in the collision. To explain this more
instructively, it is of interest to ﬁrst discuss the argument 2W of the
Debye-Waller factor as it usually appears in bulk neutron or X-ray
diffraction, or in Low Energy Electron Diffraction (LEED). In its simplest form it is given in terms of the mean square displacement of a
crystal atom

⟨

2W = [Δk · ul ]2

⟩

,

Since this treatment relates the scattering intensities and DebyeWaller factor to the crystal cores via the electron-phonon interaction, it is shown that essentially all aspects of the scattering can
be related to the electron-phonon coupling constant 𝜆 of superconductivity theory, or to its phonon mode speciﬁc components 𝜆Q,𝜈
∑
deﬁned through the relation 𝜆 = ⟨𝜆Q,𝜈 ⟩ =
Q,𝜈 𝜆Q,𝜈 ∕(3 N) where
N is the number of atoms and 3 N is the number of phonons, and
where {Q, 𝜈 } is the set of quantum numbers that completely speciﬁes a surface phonon mode, i.e., Q is its parallel wave vector and 𝜈 is
the branch index [41]. These mode-speciﬁc components of 𝜆 are generally associated with the width of a phonon mode [42–44], but we
will show below that they also deﬁne the intensity of phonon mode
peaks in the energy resolved He atom scattering spectra from metal
surfaces.
The impetus of this work was the earlier recognition that the
measured intensities for single phonon transfer events can be
expressed in terms of proportionality to 𝜆Q,𝜈 [35,39,45,46]. In this
review a detailed derivation of this earlier single phonon excitation
theory is developed, and the theory is extended to include descriptions of other measurable properties of atom-surface scattering such
as the intensities of elastic diffraction peaks and the Debye-Waller
factor. This description begins in Section 2 with a formal treatment of atom-surface scattering theory which results in expressions
giving the measurable scattering intensities for elastic (diffraction)
and single phonon features, complete with the Debye-Waller factor
describing thermal attenuation of all quantum features. The extension to other quantum features such as multiple phonon excitation
are brieﬂy discussed. Section 3 extracts from the formal scattering
theory the distorted wave Born approximation. This is of importance
because most treatments of single phonon excitation are carried out
in the DWBA. After these presentations of formal scattering theory
the electron-phonon approach to atom-surface scattering is developed in Section 4. The next section, Section 5, shows how the elastic and inelastic quantum features are related to the e-ph coupling
constant 𝜆 and its mode components 𝜆Q,𝜈 . An important development in this section is the demonstration that the argument of the
Debye-Waller factor 2W(kf , ki ) under a wide range of conditions is
proportional to 𝜆. This property is exploited in Section 6 to extract
values of 𝜆 at the surface of a large number of systems using available
Debye-Waller attenuation data. Beginning with the simplest systems
and experimental data, namely the thermal attenuation of He atom
scattering from simple metals, a total of over 50 different systems
are analyzed and the corresponding surface values of 𝜆 are determined and compared with known values of 𝜆 for the bulk materials. In addition to the simple metals, data is analyzed for Pb overlayers on Cu(111), chalcogenides and topological surfaces, graphite
and single-layer graphene supported on ordered metal substrates.
In all cases the values of 𝜆 obtained at the surface compare favorably with known bulk values available in the literature. Most of the
experimental data analyzed were for the thermal attenuation of elastic and single phonon scattering of He atoms, but several examples of
other projectiles such as Ne are examined. In addition to the temperature dependence of the Debye-Waller factor, some values of 𝜆 were
obtained using the energy and angular dependence of the DebyeWaller exponent. Section 7 gives a presentation of the inelastic close
coupling (ICC) formalism which is a formalism for calculating elastic
and inelastic scattering intensities and which automatically includes
the thermal attenuation of these quantum features. This section is
included because it provides an independent method for calculating
the thermal attenuation and, when combined with the e-ph theory
developed here, provides an independent way of extracting 𝜆 from
thermal attenuation data. Finally, in Section 8 some conclusions are
drawn and possible extensions of this work are discussed.

(1)

where if all crystal atoms are identical l is the site label of any one
of them, ul is its displacement vector and ℏΔk = ℏ(kf − ki ) is the
momentum transfer, or scattering vector. The simplest approximation is to use a Debye distribution of phonons at high temperature,
i.e., for temperatures T greater than the Debye temperature ΘD and
for simple crystal lattices this leads to 2W ⟶ 3ℏ2 Δk2 T ∕[kB MS Θ2D ]
where kB is the Boltzmann constant. For the case of atom-surface
scattering, recognizing that momentum transfer parallel to the surface is usually small compared to the perpendicular direction, this
expression is often simpliﬁed to that for specular scattering which is
2W ⟶

24 m Ei cos2 (𝜃i )T
,
MS
kB Θ2D

(2)

where Ei is the incident kinetic energy and 𝜃 i is the incident angle
measured with respect to the surface normal direction and m and MS
are the masses of the projectile and target, respectively. However,
Eq. (2) presents some major problems of interpretation, because only
the temperature T in that expression is clearly identiﬁed and well
deﬁned, as opposed to the situation of Eq. (1) for neutrons in which
all quantities are unambiguously identiﬁed, with the displacement
and mass MS clearly being those of the crystal cores. For atom scattering from a conducting surface the mean square displacements which
deﬁne the Debye-Waller exponent are those of the surface charge
density that occur at the classical turning point as an effect of the
thermal motion of the underlying atom cores. In this case the mass
MS appearing in Eq. (2) has to be viewed as an effective mass which
may have little to do with the actual masses at the surface.
This unsatisfactory situation concerning the Debye-Waller exponent for atom scattering from a conducting surface has led to the
new theoretical treatment of the scattering process presented here
which invokes the electron-phonon interaction. In this treatment
the Debye-Waller factor is still expressed in terms of an effective
mean square displacement of the surface electrons, however, this
effective mean square displacement is directly related to a weighted
mean square displacement of the crystal core displacements. This
means that all quantities appearing in the Debye-Waller argument
2W become well deﬁned in terms of the readily calculable and well
understood core vibrations.
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differential reﬂection coeﬃcient d3 R∕dΩf dEf which is the fraction of
particles scattered into a small solid angle dΩf and into a small ﬁnal
energy interval dEf . This is related to the transition rate in the following way:

2. Formal treatment of surface scattering
It is of interest to think of surface scattering geometry as one in
which the target occupies half of all space, to which is assigned the
region z ≲ 0. The incident beam of particles is prepared as a very
narrow wave packet traveling towards the surface, and the detector measures the ﬂux of scattered particles in the asymptotic region
z → + ∞ after the collision with the surface. The primary difference
when compared with scattering from a three dimensional target is
the broken symmetry perpendicular to the surface which implies
that momentum is not conserved in the z-direction. However, if
there is a well deﬁned periodicity parallel to the surface, a condition
of momentum conservation will arise in those directions, which is
denoted as the two dimensional vector R, i.e., r = {x, y, z} = {R, z}.
It is best to begin from elementary principles of formal scattering
theory, and then later impose the broken symmetry presented by the
surface target. In this manner, one is assured of retaining all remaining symmetry and quantum effects, and in particular, a correct analysis of the Debye-Waller factor is obtained.
An appropriate starting point is to begin from the Generalized
Fermi Golden Rule, which gives the transition rate wﬁ in terms of
the transition matrix Tﬁ [47,48].
wﬁ =

2𝜋 | |2
|Tﬁ | 𝛿 ( f −  i ) ,

m2 |kf |
L4
d3 R
=
w(kf , ki ) ,
dΩf dEf
(2𝜋ℏ)3
kiz

where kiz , which is proportional to the incident ﬂux, is the component of ki normal to the surface.
We can eliminate the sum over ﬁnal target states in Eq. (9) via the
Van Hove-Glauber-Weinstock [49–51] transformation to the interaction picture. Representing the 𝛿 -function in Eq. (9) by a Fourier
expansion

Φf (r) =

L3∕2

e

ℏ2 ∫−∞

∑

|nf ⟩⟨nf | = ̂
1,

w(kf , ki ) =

ℏ

nf

| |

ℏ2 ∫−∞
×

.

dt e−i(Ef −Ei )t∕ℏ

⟨(
)(
)⟩
|
|
|
|
Φi |̂
T (0)| Φf
Φf |̂
T (t )| Φi
,
|
|
|
|

(15)

with a more compact notation being
w(kf , ki ) =

+∞

1

ℏ2

∫−∞

dt e−i(Ef −Ei )t∕ℏ

⟨

̂
T (0)ki ,kf ̂
T (t )kf ,ki

⟩

. (16)

In the case of scattering from a bulk target, the classic example
being neutron scattering from a crystal, the transition operator is
usually written as a pairwise summation over all unit cells and over
all atoms forming the basis within each cell

̂
T =

∑ ∑
𝓁

(8)

𝜅

̂
T 𝓁 ,𝜅 ,

(17)

where 𝓁 is a three-dimensional (3-D) integer denoting each cell and
𝜅 is an integer denoting basis elements within the unit cell.
The case of atom-surface scattering is somewhat different. The
interaction consists of an attractive van der Waals potential in front
of a strongly repulsive potential created by Pauli exclusion of the
overlapping electron clouds of the projectile atom and the surface.
The electron density in front of the terminal layer of surface atoms
decays approximately exponentially, thus the repulsive scattering
occurs over a very short region in the direction z normal to the surface, but well in front of the ﬁrst layer of target atomic cores. As we
will explicitly show in Sec. 4 below, the interactions involving inelastic exchange of energy occur over a very short range primarily with
the repulsive part of the potential. The qualitative reasons for this
are evident; the 1∕z3 tail of the long-range attractive van der Waals
force is an average arising from all the target atoms, hence it does

⟩

,

⟩

(14)

+∞

1

w(kf , ki ) =

(7)

2𝜋 ∑ | |2
|Tﬁ | 𝛿 ( f −  i )

)

leading to

where ̂
T is the transition operator.
In scattering from a many-body target the initial and ﬁnal states
of the target are usually not measurable, hence one must average
over initial target states and sum over all possible ﬁnal target states.
The transition rate for a projectile initially prepared in the state Φi to
make a transition to state Φf is given by

⟨

|
|
T (t )|ni ⟩| Φi
|⟨nf |̂
|
|

nf

where L is a quantization length. The transition matrix is then given
by
Tﬁ

(13)

The sum over ﬁnal target states is eliminated via closure

(6)

(
)
|
|
= Φf |⟨nf |̂
T |ni ⟩| Φi ,
|
|

dte−i(Ef −Ei )t∕ℏ

nf

(5)

,

(11)

(12)

⟨
)(
∑( |
|
Φi |⟨ni |̂
T (0)|nf ⟩| Φf
Φf
|
|

×

Under ideal experimental conditions for atom-surface scattering, an
unperturbed projectile state of arbitrary momentum ℏkf is a plane
wave
ikf ·r

+∞

1

w(kf , ki ) =

and

1

,

Tif Tﬁ e

nf

the transition rate becomes

where Hphonons is the unperturbed Hamiltonian of the many-body
target (not necessarily a periodic crystal), Hprojectile is the unperturbed
Hamiltonian of the projectile atom and V is the interaction potential
coupling the two systems. The state labels i and f denote the good
quantum numbers of the initial and ﬁnal states of the system when
the target and projectile are well separated and not coupled by the
interaction potential V. These states are deﬁned by

HprojectileΦi (r) = Ei Φi (r) .

⟩

−i(𝜀f −𝜀i +Ef −Ei )t∕ℏ

̂
T (t ) = eiHphonon t∕ℏ̂
T e−iHphonon t∕ℏ ,

(4)

Hphonons |ni ⟩ = 𝜀i |ni ⟩ ,

dt

ℏ2 ∫−∞

∑

and transforming to the time-dependent transition operators in the
interaction picture via

where  i and  f are the initial and ﬁnal total energies of the universe of interest, consisting of target and projectile described by the
Hamiltonian
H = Hphonons + Hprojectile + V ,

⟨

+∞

1

w(kf , ki ) =

(3)

ℏ | |

(10)

(9)

where the large brackets ⟨ … ⟩ signify the average over an equilibrium distribution of initial target states.
For completeness we note that the actual quantity measured in
most atom-surface or molecule-surface scattering experiments is the
4
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not vibrate and cannot contribute to the exchange of phonon energy
quanta, and the higher order corrections to the van der Waals forces
are only weakly dependent on the vibrations of the target cores. The
repulsive part of the potential is roughly exponentially decreasing
with z outside the surface, while the wave functions of the incoming atomic projectiles are strongly decreasing functions of z inside
this region of increasing surface electronic density. Hence, the region
where inelastic interactions with the phonons of the target can
occur is in the very narrow region of overlap between the outwarddecaying electronic density and the inward-decaying atomic wave
functions. This qualitative description of the quasi-two-dimensional
nature of the atom-surface interaction will be demonstrated in a
more rigorous manner below in Sec. 4. Effectively, the repulsive
atom-surface collision occurs within a thin two-dimensional (2-D)
layer in which energy transfer via phonons occurs over a very narrow
region. Albeit, this is a region that may be corrugated by the underlying target core atoms, but nevertheless is a narrow region that can
be viewed as a corrugated 2-D surface, essentially the surface of the
locus of classical turning points.
Thus, for surface scattering of atoms the transition operator can
be viewed as a 2-D summation over unit cells parallel to the surface. Formally, the transition operator looks the same as Eq. (17) but
𝓁 is now a 2-D integer that denotes all surface unit cells and 𝜅 is
an integer that counts elements within the surface unit cell. In some
instances, for example when considering ordered overlayers on top
of a substrate, it is convenient to use 𝜅 as the label to count the
atomic layers from the outermost down to the substrate.
For simplicity, and to avoid cluttering the notation, for the present
it will be assumed that the surface consists of Bravais unit cells and
the summation over 𝜅 is neglected. This assumption is merely for
simplifying the notation in many of the equations to come below,
and it should be stressed that the general case of a unit cell with a
multiple core basis is a straightforward generalization that can be
readily carried out. In fact, it is necessary in some instances to retain
the possibility of summing over elements within a surface unit cell
and one important example arises when taking the classical limit of
large kinetic energies and high temperatures [52].
If it is further assumed that all unit cells are identical, the transition operator can be written as a pairwise summation

̂
T (t ) =

∑
𝓁

̂
T 𝓁 (t ) =

∑
𝓁

̂
T 0 (r − r𝓁 − u𝓁 (t )) ,

w(kf , ki ) =

∑

e−iΔk·(r𝓁 +u𝓁 ) ̂
T 0 (r) ,

1

ℏ2 ∫−∞
⟨

dt e−i(Ef −Ei )t∕ℏ

∑

e−iΔK·(R𝓁 −R𝓁 ′)

𝓁 ,𝓁 ′

e−iΔk·u𝓁 (0) eiΔk·u𝓁 ′(t) T 0 (0)ki ,kf T 0 (t )kf ,ki

×

⟩

,

(20)

where ΔK is the two-dimensional component of Δk parallel to the
surface. At this point, the expression still allows for the transition
operator to retain t-dependence, i.e., we do not immediately make
the standard assumption that all t-dependence is contained only in
the displacement operator u𝓁 (t). If the t-dependence in T 0 (t )kf ,ki is
weak, one can make the decoupling approximation which consists of
averaging both terms separately
w(kf , ki ) =

+∞

1

ℏ2 ∫−∞
⟨

×

dt e−i(Ef −Ei )t∕ℏ

∑

e−iΔK·(R𝓁 −R𝓁 ′)

𝓁 ,𝓁 ′

e−iΔk·u𝓁 (0) eiΔk·u𝓁 ′(t)

⟩ ⟨

T 0 (0)ki ,kf T 0 (t )kf ,ki

⟩

. (21)

This point becomes important later in the evaluation of the distorted wave Born approximation in atom-surface scattering, because
when properly deﬁned the DWBA is shown to retain a weak timedependence in its approximation for the operator T 0 (t )kf ,ki .
At this point, however, we will now make the standard assumption that the only time dependence is in the u𝓁 (t), i.e., T 0 (t )kf ,ki =
Tk0 ,k , thus the transition rate becomes
f i
w(kf , ki ) =

+∞

1

ℏ2 ∫−∞
⟨

dt e−i(Ef −Ei )t∕ℏ

∑
𝓁 ,𝓁 ′

e−iΔk·u𝓁 (0) eiΔk·u𝓁 ′(t)

×

⟩

|

|2

e−iΔK·(R𝓁 −R𝓁 ′) ||Tk0 ,k ||

|

f

i

|

.

(22)

The average over vibrational displacement states is facilitated using
two well-known theorems. First is the Baker-Campbell-Hausdorf
theorem
eA eB = eA+B e[A,B]∕2 ,

(23)

which is valid if both the operators A and B commute with the commutator [A, B]. The second is the theorem valid for any harmonic
function u whose probability distribution is Gaussian:

(18)

⟨

eau

where 𝓁 is now regarded as a 2-D integer. Note that r𝓁 = (R𝓁 , zS ) is
actually a two-dimensional position vector because the z-component
is a constant denoting the position of the surface plane. The displacement vector u𝓁 = (U𝓁 , uz,𝓁 ) is three-dimensional and denotes vibrational displacement of the unit cell in all three directions, i.e., U𝓁 (t)
parallel to the surface and uz,𝓁 (t) perpendicular to the surface. However, it is important to reiterate that u𝓁 is not, in general, the vibrational displacement vector of the atomic cores making up the target.
As discussed above, atomic projectiles scatter from the electron density at a distance located well outside the positions of the cores, thus
u𝓁 is the effective displacement vector actually felt by the projectiles. One of the main objectives of this work is to relate this effective
displacement to the true displacement vectors of the cores.
Recognizing that in general the displacement operator for a displacement a is exp{− iΔk · a}, the time-dependent transition operator becomes

̂
T =

+∞

⟩

2 2
= ea ⟨u ⟩∕2 ,

(24)

with a an arbitrary constant which may be complex. Eq. (24) is clearly
applicable to the average over phonons in the harmonic approximation.
The above theorems allow the following commutation and
average-evaluation operations on Eq. (22)
+∞

1

w(kf , ki ) = =

∫−∞

ℏ2

⟨

dt e−i(Ef −Ei )t∕ℏ

⟩
2
− [Δk·(u𝓁 (0)−u𝓁 ′(t))] ∕2

×e

∑
𝓁 ,𝓁 ′

|

|2

e−iΔK·(R𝓁 −R𝓁 ′) ||Tk0 ,k ||

|

f

i

|

e[Δk·u𝓁 (0), Δk·u𝓁 ′(t)]∕2 . (25)

Since the commutator is a ⟨c-number, it can be combined
with the
[
(
)]2 ⟩
cross terms arising from
Δk · u𝓁 (0) − u𝓁 ′(t )
∕2. With the
deﬁnition of the Debye-Waller exponent argument
W eff (kf , ki ) =

(19)

⟨(
⟨(
)2 ⟩
)2 ⟩
Δk · u𝓁 (0)
∕2 =
Δk · u𝓁 ′ (t )
∕2 ,

(26)

the mean square average being the same at all times t and for all
unit cells 𝓁 , and the deﬁnition of the time-dependent displacementdisplacement correlation function as

𝓁

a result that can also be shown by direct evaluation of the transition
matrix element for the operator of Eq. (18) using the atomic eigenstates of Eq. (7).
The transition operator of Eq. (19) allows the transition rate of Eq.
(15) or (16) to be cast into the form

eff

2 𝓁 ,𝓁 ′ (kf , ki , t ) = ⟨Δk · u𝓁 (0)Δk · u𝓁 ′ (t )⟩ ,

5

(27)
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The integral over time is the Fourier transform of a Dirac 𝛿 -function
which gives the conservation of energy. The summations over surface lattice cells produce the law of conservation of momentum par∑
∑
allel to the surface: 𝓁 ,𝓁 ′ exp{−iΔK · (R𝓁 − R𝓁 ′)} = N 2 G 𝛿ΔK,G ,
where N is the number of surface unit cells and the Kronecker 𝛿 function signiﬁes that the ﬁnal parallel momentum after collision
can differ from the incident parallel momentum only by a surface
reciprocal lattice vector G, or Kf = Ki + G which is Bragg’s law for
diffraction in two dimensions.
The elastic transition rate then takes the form

the transition rate takes the following form
w(kf , ki ) =

+∞

1

ℏ2

∫−∞

× e−2W

eff (k

dte−i(Ef −Ei )t∕ℏ

∑
𝓁 ,𝓁 ′

f ,k i )

2

e

eff

𝓁 ,𝓁 ′

|

|2

e−iΔK·(R𝓁 −R𝓁 ′) ||Tk0 ,k ||

|

(kf ,ki ,t)

f

i

|
(28)

One important point of this work is to recognize that the DebyeWaller factor (or its argument 2Weff (kf , ki )) is not the traditional DW factor of, for example, neutron scattering. To paraphrase what was
already stated in the Introduction, in neutron scattering the D-W factor is determined by the mean-square vibrations of the atomic cores
of the bulk. In atom-surface scattering, the projectile atoms scatter
from the electron density outside of the terminal atomic core layer
of the sample. Thus, the vibrations “seen” by the projectile atom are
those of the electron cloud, which are driven by the core vibrations
via the electron-phonon interaction. This is the reason for labeling
2Weff (kf , ki ) as the “effective” D-W argument.
It is worthwhile noting that the Debye-Waller argument is given
by the correlation function evaluated at equal positions and zero
time (i.e., equal times). This means that in the integrand of Eq. (28), if
𝓁 = 𝓁 ′ and t = 0, the Debye-Waller argument is exactly cancelled
by the correlation function. This has consequences for the classical
limit of large numbers of phonon transfers, when the most important contributions to the correlation function are at small times and
equal positions, i.e., the classical limit corresponds to when quantum correlation lengths and times become very small. In the classical limit, the correlation function can be expanded, and the ﬁrst order
term exactly cancels 2Weff (kf , ki ), implying that all quantum features
have been repressed and only broader, classical distributions are left
behind in the scattered spectra [52,53].
In passing it is of interest to point out that the geometry of
surface scattering is really that of a backscattering experiment,
meaning that the projectile is reﬂected from the surface back
into the same half-space from which it arrived. The implication is
that for the scattering vector Δk = (ΔK, Δkz ), its normal component is typically large compared to the parallel components since
Δkz = kfz − kiz = |kfz | + |kiz |. This means, for example, that the
more important contribution to the effective Debye-Waller exponent
of Eq. (26) will, under most experimental conditions, come from the
contributions due to normal momentum transfer.
For collisions in which the interactions with the surface vibrations
eff
are weak, in which 2 ′ (t ) ≪ 1, which is essentially the same as

w(0) (kf , ki ) =

eff

𝓁 ,𝓁 ′

(t)

[
]2
≈ 1 + 2 eff
(t ) + 2  eff
(t ) + … .
𝓁 ,𝓁 ′
𝓁 ,𝓁 ′

√

kfz =

k2i − (K + G)2 .

|

f

2.2. Single phonon inelastic scattering

(29)

The transition rate for inelastic scattering with transfer of a single phonon is obtained from the general expression of Eq. (28) upon
replacing the exponentiated displacement correlation function by its
ﬁrst order term in the expansion of Eq. (29)
w(1) (kf , ki ) =

w

( kf , ki ) =

ℏ2 ∫−∞
×

∑
𝓁 ,𝓁 ′

−i(Ef −Ei )t∕ℏ

dt e

e

|

f ,k i )

ℏ2

|

∑

dt e−i(Ef −Ei )t∕ℏ

|

|2

e−iΔK·(R𝓁 −R𝓁 ′) ||Tk0 ,k ||

|

eff (k

f ,ki )

f

i

|

⟨Δk · u𝓁 (0)Δk · u𝓁 ′ (t )⟩ .

(33)

A review of the development of the phonon displacement operator
in terms of normal modes appears in Appendix A. This shows that in
a quite general manner, the displacement function can be expanded
in normal modes as

(30)

|2

i

∫−∞

× e−2W

e−iΔK·(R𝓁 −R𝓁 ′) ||Tk0 ,k || .
f

+∞

1

𝓁 ,𝓁 ′

Keeping only the lowest order term in the expansion of Eq. (29)
leads to
(0)

i

the correct Debye-Waller factor will still be retained.
For large values of G the perpendicular momentum of Eq. (32)
becomes imaginary, and in order to assure the boundary condition
that the amplitudes of these waves remain ﬁnite, the sign of the
square root in Eq. (32) must be chosen to give exponentially decaying
behavior in the asymptotic region. These are the evanescent diffraction beams.

×

−2W eff (k

|2

transition matrix ||Tk0 ,k || . Each diffraction intensity is multiplied by
| f i|
a Debye-Waller factor which correctly includes momentum transfer in all three directions. This latter statement is important because
if one begins from a theoretical approximation with initial restrictions that are too stringent, such as beginning with the distorted
wave Born approximation, the correct form of the Debye-Waller factor is not always obtained [54,55]. However, the approach in this
section, which starts from ﬁrst principles, insures that the DebyeWaller factor is correctly included, furthermore, it shows that if we
subsequently make further, more restrictive approximations on the
transition matrix Tk0 ,k such as eventually evaluating it in the DWBA,

2.1. Elastic scattering

1

(32)

The intensity of each diffracted beam is proportional to the squared

The leading term in Eq. (29) is associated with elastic scattering in
which no energy is transferred in the collision of the atom with the
surface. The ﬁrst order term gives the leading contribution to single
quantum transfers of phonons. Double phonon transfers and larger
are contained in the higher order terms in the expansion of Eq. (29).

+∞

G

|
|2
(
)
eff
e−2W (kf ,ki ) ||Tk0 ,k || 𝛿ΔK,G 𝛿 Ef − Ei .
| f i|

It is important to emphasize that this is an exact result, within the
kinematic approximations of a rigidly vibrating Bravais surface unit
cell and assuming vibrations within the harmonic approximation.
The 𝛿 -functions insure that the only observable scattering intensities are diffraction beams occurring with Kf = Ki ± G and the ﬁnal
wave vector perpendicular to the surface is dictated by energy conservation, i.e.,

𝓁 ,𝓁

2

ℏ

∑

N2

(31)

having a small Debye-Waller argument, 2Weff ≪ 1, the exponential
of the correlation function in Eq. (28) can be expanded as
e

2𝜋

|
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⟨Δk · u𝓁 (0)Δk · u𝓁 ′ (t )⟩ =

×

3
∑

𝛼,𝛼′ =1

∑

[

Q,𝜈
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with the interaction potential V expressed as consisting of two parts,
as follows:

Δk𝛼 Δk𝛼′

H = H0 + V = H0 +  +  ,

]

ℏ
e (Q, 𝜈 )e∗𝛼′ (Q, 𝜈 )
2 NMS 𝜔(Q, 𝜈 ) 𝛼

× e−iQ·(R𝓁′ −R𝓁 )

{[

with eigenstates of each of these Hamiltonians deﬁned as
H0 Φi =  i Φi ,

]

nBE (𝜔(Q, 𝜈 )) + 1 e−i𝜔(Q,𝜈 )t

+ nBE (𝜔(Q, 𝜈 ))ei𝜔(Q,𝜈 )t

}

(±)

H Ψi

(34)

2𝜋

ℏ

Q, 𝜈
3
∑

×
𝛼,

×

∑ ∑

N2

{[

𝛼 ′ =1

G

|

( H0 +  ) 𝜒 i

(±)

Δ k𝛼 Δ k𝛼 ′

i

|

)

(35)

Tﬁ =

)
2 m[ Ei + ℏ𝜔(Q, 𝜈 ) ]∕ℏ2 − (Ki + Q + G)2 .

ℏ

N2

∑
𝜈

∑

×

𝛼, 𝛼′ =1

Δk𝛼 Δk𝛼′

Tﬁ

(+)
⟶ 𝜒i(+) :
(
)
(
)
≈ Φf | | 𝜒i(+) + 𝜒f(−) | | 𝜒i(+) .

(41)

In the treatment of atom-surface scattering it has often been convenient to treat  as a static potential whose repulsive part scatters
incoming particles back into the half-space in front of the surface,
and usually it is even taken to be a ﬂat surface depending only on
the normal position component z, i.e.,  (r) =  (z). All corrugation
of the surface and dynamics such as vibrations are then contained
only in the potential  . For present purposes, we will soon make this
latter assumption, in which case the eigenstates are of the form

ℏ

2 NMS 𝜔(ΔK, 𝜈 )

× e𝛼 (ΔK, 𝜈 ) e∗𝛼′ (ΔK, 𝜈 )
×| nBE (𝜔(ΔK, 𝜈 )) |𝛿 (Ef − Ei − ℏ𝜔(ΔK, 𝜈 )),

(40)

tion to the full wave function, Ψi

|
|2
eff
e−2W (kf ,ki ) ||Tk0 ,k ||
| f i|

3

(
)
(
)
(
)
(+)
(−)
(+)
Φf |V | Ψ(+)
=
Φ
|
|
𝜒
+
𝜒
|
|
Ψ
.
f
i
i
i
f

The distorted wave Born approximation is obtained by solving for
Tﬁ to lowest order by iteration on Eq. (40) with the ﬁrst order correc-

Eq. (35) can be written in the slightly simpler form after evaluating the summation using the momentum conservation 𝛿 -function
2𝜋

(39)

(−)

In Eq. (35) the term proportional to nBE (𝜔(Q, 𝜈 )) + 1 describes
single phonon creation with the additional constant of +1 arising
from zero point motion, while that term proportional to nBE (𝜔(Q, 𝜈 ))
gives phonon annihilation. The delta functions in parallel wave
vector insure that ΔK = Q + G or Kf = Ki + Q + G, i.e.,
the parallel momentum conservation law includes the momentum
transferred by the phonon as well as a possible reciprocal lattice vector. The energy conservation delta function then ﬁxes the
value of kfz , for example, in the case of phonon annihilation k2fz =

w(1) (kf , ki ) =

,

Ψi . The state Ψi is the corresponding solution satisfying incoming
wave boundary conditions.
A bit of explanation as to why the two-potential formalism is used
is perhaps in order. Unlike some other scattering experiments, such
as neutron or X-ray scattering. The surface scattering of atoms (and
molecules) is a backscattering conﬁguration. That is to say, while
neutrons or X-rays are scattered predominantly in the forward direction and can be described by a cross section, in atom scattering all
projectiles are scattered backwards into the half-space from which
they came, i.e., the total cross section is inﬁnite. For this reason in
developing a theory it is convenient to use the two-potential formalism, sometimes called the distorted wave formalism, in which
the potential  describes the very strong backscattering potential
(whose eigenfunctions are the distorted waves) and the remainder
(which contains most of the interesting physics) is contained in the
potential  .
In this formalism, the transition matrix elements can be written
in several ways, among them are

nBE (𝜔(Q, 𝜈 )) + 1 𝛿 Ef − Ei + ℏ𝜔(Q, 𝜈 ) +

(
)}
+ nBE (𝜔(Q, 𝜈 ))𝛿 Ef − Ei − ℏ𝜔(Q, 𝜈 ) .

(±)

(+)

ℏ
e (Q, 𝜈 ) e∗𝛼′ (Q, 𝜈 )
2 NMS 𝜔(Q, 𝜈 ) 𝛼
] (

=  i 𝜒i

where the notation is such that Ψi is an outgoing state, i.e., a state
satisfying boundary conditions with the projectile initially in an incident incoming plane wave state with outgoing scattered waves. The
index i denotes the good quantum numbers of the unperturbed state
Φi , which are not necessarily good quantum numbers of the full state

|2

f

(38)

where  is the distorting potential and  is the interaction potential,
and the interaction, or distorted state given by

𝛿ΔK−Q, G e−2W (kf ,ki ) ||Tk0 ,k ||
|

= (H0 + V ) Ψ(±)
i
= (H0 +  +  ) Ψ(±)
=  i Ψ(±)
,
i
i

where 𝛼, 𝛼 ′ run over the three cartesian components of the displace∑
ment, Q, 𝜈 is a summation over the parallel wave vector Q and
branch index 𝜈 of the phonon mode, MS is the effective mass of the
surface unit cell, 𝜔(Q, 𝜈 ) is the mode frequency, nBE (𝜔(Q, 𝜈 )) is the
Bose-Einstein distribution function, and e𝛼 (Q, 𝜈 ) is the 𝛼 -th cartesian
component of the mode polarization vector.
When the displacement correlation function of Eq. (34) is inserted
into the transition rate of Eq. (33) the sums over lattice positions
𝓁 and the integral over time can be carried out as before in the
case of elastic scattering. The results are 𝛿 -functions giving energy
and momentum conservation relations that include the transfer of a
phonon, and the transition rate becomes
w(1) (kf , ki ) =

(37)

(36)

where it is understood that 𝜔(ΔK, 𝜈 ) = 𝜔(ΔK + G, 𝜈 ) and similarly for the polarization vector, and we have used the fact
that − nBE (−𝜔(ΔK, 𝜈 )) = nBE (𝜔(ΔK, 𝜈 )) + 1.

Φi =

1 iki ·r
e
|ni ⟩,
L3∕2

(42)

and
3. Distorted wave Born approximation

1
L

𝜒i(±) = eiKi ·R 𝜒k(±) (z)|ni ⟩.

A formal treatment of the distorted wave Born approximation
is perhaps best couched in terms of the two-potential formalism
of scattering theory, as developed by Gell-Mann and Goldberger
[47,48,56]. In this formalism the total Hamiltonian under consideration, consisting of the projectile and the many-body target, is written

(43)

iz

In the case of a ﬂat distorting potential the 𝜒k (z) in the asymptotic
(±)
iz

region far from the surface are sinusoidal functions, i.e., there they
consist of a summation of two plane waves, one traveling towards
the surface and the other traveling away. In this case the difference
7
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between incoming and outgoing wave functions is a trivial phase,
which disappears from the scattering intensity, i.e.,

𝜒k(+) (z) = ei𝛿i 𝜒k(−) (z),
iz

×

+∞

(44)

×

where 𝛿 i depends only on kiz .
With this division, the potential  contributes only to elastic
scattering, and since it is a function only of z it describes only total
specular reﬂection of the incident beam. Thus, the DWBA that will
produce the lowest order single phonon transition rates and diffraction peak intensities comes from using the ﬁrst order perturbation
matrix element
Tﬁ ≈

𝜒f(−) ||⟨nf | |ni ⟩|| 𝜒i(+)
|

)

,

|

+∞

⟨

×

w(kf , ki ) =

ℏ2 ∫−∞
(

×

dte−i(Ef −Ei )t∕ℏ

𝜒i(+) (r) | (r, 0)| 𝜒f(−) (r)

𝜒f (r) | (r, t)| 𝜒i (r)
(−)

(+)

)⟩

⟨

∑
𝓁

)

𝜒f(−) (r) | (r, t)| 𝜒i(+) (r) =

dz𝜒

∫−∞

(−)∗
kfz

In order to make further progress we need to Fourier transform the
z-dependent potential.
+∞

)

𝜒f(−) (r) | (r, t)| 𝜒i(+) (r) =

(

vΔK,q ,

+∞

∫−∞

dz𝜒k

(−)∗
fz

× vΔK,q 𝜒k(+) (z).

(

)

iq z−uz,𝓁z (t)
1
dqe
2𝜋 ∫−∞

w(kf , ki ) =

1 1
L4 ℏ2

1
2𝜋

+∞

∫−∞

1 1
L4 ℏ2

∑

(

1
2𝜋

)2

+∞

∫−∞

e−iΔK·(R𝓁 −R𝓁 ′)

𝓁 ,𝓁 ′

(51)

+∞

×

At the mathematical expense of having to introduce the Fourier
transform of the potential in the perpendicular direction, we now
have placed all of the time-dependent phonon displacement operators into arguments of exponentials, which will allow a means to
treat the thermal average. The transition rate now becomes

)2

ΔK · U𝓁 (0) + quz,𝓁 (0)

)2 ⟩

,

eff

×

iz

(

⟨(

1
2

(55)

(56)

̃ (ΔK, q). For completeness we
and all terms in q are contained in W
write out the full form of the transition rate, using the above deﬁnitions.
w(kf , ki ) =

+∞

( z)

(53)

where W∥ (ΔK) is the Debye-Waller argument for parallel motion,

(50)

1 ∑ −iΔK·(R𝓁 +U𝓁 (t))
e
L2 𝓁

×

′

̃ (ΔK, q) ,
W eff (Kf , Ki , q) = W∥ (ΔK) + W

which casts the matrix element into the form

(

eff

eff ′
2
(q,q ,t)
e−W (q ) e 𝓁,𝓁′
.

Note that both of the above can be separated out into terms depending only on parallel displacement ΔK · U𝓁 (0), terms depending only
on quz,𝓁 (0) or q′ uz,𝓁 ′ (t), and cross terms involving both. In the direction parallel to the surface, things work out similarly as they do for
the exact T-matrix formalism as in Sec. 2 above, and this is because
of the symmetry in these directions. It will be useful to make this
separation explicit in the notation for the Debye-Waller factors by
writing

iz

(49)

1
dq e
2𝜋 ∫−∞

eff (q)

⟩

⟨(
)
ΔK · U𝓁 (0) + quz,𝓁 (0)
(
)⟩
× ΔK · U𝓁 ′ (t ) + q′ uz,𝓁 ′ (t ) .

dR e−iΔK·R vuc (r) .

vΔK (z − uz,𝓁z (t )) =

(52)

=

(z)vΔK (z − uz,𝓁z (t ))𝜒k(+) (z),

)
iq z−uz,𝓁z (t)

−iq′ uz,𝓁′ (t)

eff

where ΔK = Kf − Ki and the Fourier transform of the unit cell
potential is given by

∫

⟩

−iq′ uz,𝓁′ (t)
eiΔK·U𝓁 (0) eiquz,𝓁 (0) e−iΔK·U𝓁′ (t) e
.

2 𝓁 ,𝓁 ′ (q, q′ , t ) = 2 𝓁 ,𝓁 ′ (Kf , Ki , q, q′ , t )

(48)

vΔK (z) =

iz

of 𝓁 or t. These are labeled Weff because they are effective DebyeWaller exponents arising from the vibrations of the electron density
in the region where the incoming atomic projectiles collide, and are
only indirectly connected to the vibrations of the cores. The meaning
of Weff will become evident when it is explicitly evaluated within
the electron-phonon coupling theory of Sec. 4 below. The correlation
function is

(47)

+∞

fz

and similarly for Weff (Kf , Ki , q′ ), and as usual these are independent

1 ∑ −iΔK·(R𝓁 +U𝓁 (t))
e
L2 𝓁

×

𝜒k(+)∗ (z) vΔK,q 𝜒k(−) (z)

(54)

where 𝓁 is a 2-D integer that counts surface unit cells. In directions
parallel to the surface, the matrix elements simplify as before:

(

′ z′

dz′

iz

fz

W eff (q) = W eff (Kf , Ki , q) =

(46)

vuc (r − r𝓁 − u𝓁 (t )) ,

dq′ e−iq

∫−∞

with the vector q deﬁned as q = (ΔK, q) and similarly for q′ =
(ΔK, q′ ). The arguments of the Debye-Waller exponents are

We note again that if the approximation of a ﬂat-surface distorting
potential is invoked, Eq. (44) allows the neglect of the (±) notation on
the wave functions. However, in the interest of generality we retain
the (±) notation through this Section.
As before, we choose the interaction potential to be a pairwise
summation over unit cells {uc} of the surface:

 (r, t ) =

+∞

∫−∞

eiΔK·U𝓁 (0) eiquz,𝓁 (0) e−iΔK·U𝓁′ (t) e

= e−W

)

.

dqeiqz

∫−∞

The thermal average over initial crystal states is handled just as
before with the result

(45)

⟨(

∫−∞

+∞

dz

×𝜒k(−)∗ (z′ ) vΔK,q′ 𝜒k(+) (z′ )

in the Fermi Golden Rule of Eq. (3).
After application of the Glauber-Van Hove transformation to the
interaction picture as in Sec. 2 above, the transition rate becomes
1

e−iΔK·(R𝓁 −R𝓁 ′)

𝓁 ,𝓁 ′

iz

(

∑

+∞

∫−∞

dte−i(Ef −Ei )t∕ℏ
+∞

∫−∞

+∞

dqeiqz

∫−∞

+∞

dz

∫−∞

′ ′

dq′ e−iq z 𝜒k

(+)∗
iz

dz′

(z)vΔK,q 𝜒k(−) (z)
fz

× 𝜒k(−)∗ (z′ )vΔK,q′ 𝜒k(+) (z′ )
fz

iz

̃ (Kf ,Ki ,q)−W
̃ (Kf ,Ki ,q′ )
−2W∥ (Kf ,Ki )−W

×e

2

dte−i(Ef −Ei )t∕ℏ

×e
8

eff

𝓁 ,𝓁 ′

(Kf ,Ki ,q,q′ ,t)

.

(57)
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temperature dependence introduced in this manner does not at all
behave like the Debye-Waller factor associated with normal momeneff
tum transfer. Examples showing how the effective potential vΔK (T , z)
differs from the original unmodiﬁed potential vΔK (z) are discussed in
Appendix B, where it is seen that a sharp feature in the unmodiﬁed
potential is simply rounded, or if the unmodiﬁed potential is a repulsive exponential the temperature dependent modiﬁcation merely
shifts the position of the origin, i.e., it has virtually no effect on the
nature of the scattering.
The origin of the temperature dependence introduced into the
effective potential of Eq. (59) lies in the decoupling approximation for the transition operator exhibited in Eq. (21) above. The distorted wave Born approximation, derived properly in this treatment,
has introduced a weak time-dependence in the transition operator,
and upon averaging over vibrational states of the crystal, this time
dependence of the transition operator is converted to a temperature
dependence of the DWBA matrix element.
It is important to note that Eq. (60) does not contain the part of
the Debye-Waller factor dependent on vibrational motion perpendicular to the surface which arises naturally in the general treatment
of Eq. (31), i.e., Eq. (60) contains only the parallel part of the D-W factor. Thus, comparison with the general treatment of Eq. (31) shows
that the correct way to introduce the distorted wave Born approximation into the general treatment for elastic scattering is through
the transformation

3.1. Elastic scattering in the DWBA
As before, the elastic scattering contribution arises from the
zeroth order expansion of the correlation function in Eq. (57).
(0)

wDWBA (kf , ki ) =

1 1
L4 ℏ2

∑

×

(

1
2𝜋

)2

+∞

∫−∞

e−iΔK·(R𝓁 −R𝓁 ′)

𝓁 ,𝓁 ′

+∞

×

∫−∞

dte−i(Ef −Ei )t∕ℏ
+∞

∫−∞

+∞

dqeiqz

∫−∞

+∞

dz

dz′

∫−∞

′ ′

dq′ e−iq z 𝜒k

(+)∗
iz

(z)vΔK,q 𝜒k(−) (z)
fz

× 𝜒k(−)∗ (z′ )vΔK,q′ 𝜒k(+) (z′ )
fz

iz

̃ (Kf ,Ki ,q)−W
̃ (Kf ,Ki ,q′ )
−2W∥ (Kf ,Ki )−W

×e

.

(58)

It now becomes clear that the averaging has resulted in a
temperature-dependent potential in the z-direction, deﬁned by
eff

vΔK (T , z) =

+∞

1
̃
dqeiqz vΔK,q e−W (Kf ,Ki ,q)
2𝜋 ∫−∞
+∞

=

2 2
1
dqeiqz vΔK,q e[−q ⟨uz ⟩−2qΔKx ⟨uz ux ⟩−2qΔKy ⟨uz uy ⟩]∕2 .
2𝜋 ∫−∞
(59)

ℏ2 kiz i𝛿0
e 𝛿ΔK,0 +
Tk0 ,k ⟶ i
f i
mL

The sum over lattice sites parallel to the surface and the time integral
are done as before, and indicate conservation of parallel momentum
and energy. The ﬁnal form is
(0)

wDWBA (kf , ki ) =

(

2𝜋 N 2 ∑ −2W∥ (ΔK) || (+) | eff
| (−)
e
| 𝜒kiz (z) ||vΔK (T , z)|| 𝜒kfz (z)
ℏ L4 G
|

(
)
× 𝛿ΔK,G 𝛿 Ef − Ei ,

|
𝜒k(+) (z) ||veff
(T , z)| 𝜒k(−) (z)
ΔK
iz

|

|

fz

)

+∞

=

∫−∞

)|2
|
|
|
(60)

(0)

dz 𝜒k

(+)∗
iz

)

|
𝜒k(+) (z) ||veff
(T , z)| 𝜒k(−) (z) . (62)
ΔK
iz

|

|

fz

where the ﬁrst term introduced on the left hand side of Eq. (62) is the
contribution coming from the ﬂat-surface distorting potential  , as
shown in Eq. (41), that contributes only to specular scattering as discussed above in connection with Eq. (45). The phase 𝛿 0 is that accumulated by a projectile as it scatters specularly from  . This leads
to the ﬁnal expression for elastic scattering with the correct DebyeWaller factor

where the matrix element is

(

(

wDWBA (kf , ki ) =

eff

(z) vΔK (T , z) 𝜒k(−) (z).
fz

2𝜋 1 ∑ −2W eff (kf ,ki )
e
ℏ a2c G

(
)|2
| ℏ2 k
| eff
| (−)
|
|
(+)
iz i𝛿0
× |i
e 𝛿ΔK,0 + 𝜒k (z) |vΔK (T , z)| 𝜒k (z) |
|
| fz
| mL
|
iz
|
|
(
)
× 𝛿ΔK,G 𝛿 Ef − Ei ,
(63)

(61)
The elastic transition rate in this treatment of the DWBA
has many of the characteristics discussed above in connection
with the general case of Sec. 2. However, it has two important
differences. First, only the parallel effective Debye-Waller factor
exp{−2W∥ (ΔK)} appears. This is because of the symmetry properties of the crystal parallel to the surface, i.e., exactly the same reason why only parallel momentum is conserved modulo a reciprocal
lattice vector G. Second, the matrix element has become modiﬁed
by that part of the Debye-Waller-like factor associated with motion
perpendicular to the surface, and this modiﬁcation makes the effective potential dependent on the surface temperature T. The nature of
the modiﬁcation on the potential is evident from Eq. (59): the Gaussian term in q2 insures convergence of the integral, and the exponentials with arguments linear in q give rise to a complex coordinate displacement. It should also be noted that these arguments linear in q are proportional to the cross-correlations such as ⟨ux uz ⟩. For
bulk phonons in crystals with a high degree of symmetry (e.g., all
forms of cubic crystals) such averages vanish, but not necessarily
so in the case of a surface because of the broken symmetry in the
normal direction. The effect of the Gaussian term in q2 is to smooth
out any sharper features of the unmodiﬁed potential vΔK (z), and this
smoothing effect will increase with temperature as the mean square
displacement increases. However, at all reasonable temperatures the
effect on the potential is weak, and it is important to note that the

where ac is the area of a surface unit cell. We note again that
2Weff (kf , ki ) may contain mixed cross-correlations between vibrational displacements in different Cartesian directions, because these
cross-correlation averages do not necessarily vanish in the presence of the symmetry-breaking surface. Furthermore, the vibrational
correlation functions found in 2Weff (kf , ki ) arise from the effective
vibrational amplitudes encountered in the collision which are not as
yet speciﬁed. These effective vibrational amplitudes will in general
depend on the momentum vectors of the projectile collision and consequently 2Weff (kf , ki ) will depend on kf and ki independently in a
more complicated manner, and not simply on the momentum vector
kf − ki .
3.2. Inelastic, single-phonon scattering in the DWBA
The single phonon inelastic transition rate comes from the ﬁrst
order term in the expansion of exp{2 eff } in Eq. (57). The process
of carrying out the various sums and integrals is quite similar to that
of the elastic case in the above subsection, so we can simply write
down the ﬁnal result. Since some terms in 2 eff are linear in q or q′ ,
two related effective temperature-dependent potentials arise. One is
the same as Eq. (59) above, and the other is its derivative
9

J.R. Manson, G. Benedek and S. Miret-Artés

̃veff
( T , z) =
ΔK
=
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+∞

1
̃
dqqeiqz vΔK,q e−W (ΔK,q)
2𝜋 ∫−∞
+∞

−i d

2𝜋 dz ∫−∞

= −i

surface interaction potential given by the Esbjerg-Nørskov approximation AN n(r, t) [27] where n(r, t) is the electronic density and AN is
a constant typically, for He on metals, chosen to be about 340 eV∕a30 ,
with a0 the Bohr atomic length.
The total electronic density can be written as a sum over the density contributions of all occupied electron states as

̃

dqeiqz vΔK,q e−W (ΔK,q)

d eff
v ( T , z) .
dz ΔK

(64)

q = {ΔK, −id∕dz} the single phonon
Deﬁning a vector operator as ̂
inelastic scattering transition rate becomes
wDWBA (kf , ki ) =
(1)

n(r) =

K,n

2𝜋 1 ∑ −2W∥ (ΔK)
ℏ
e
ℏ a2c 𝜈
2NMS 𝜔(ΔK, 𝜈 )

(

Hel + V el

)

| (−)
eff
𝜒k(+) (z) || ̂
q𝛼 vΔK (T , z)| 𝜒 (z) .
k
iz

|

|

(66)

fz

V el =

As above in the case for the elastic transition rate, the presence
of a weak temperature dependence in the effective potential arises
from the fact that the DWBA includes additional dependences via the
time dependent vibrations that are accounted for in the decoupling
approximation of Eq. (21).
The ﬁnal form for the transition rate in the DWBA, including the
correct Debye-Waller factor is then
wDWBA (kf , ki ) =
(1)

(68)

K ,n

)

𝜓
̃ K,n = ̃
Eel
𝜓
̃ K ,n .
K,n

(69)

∑

vel (r − rj − uj ) .

(70)

j

where, as opposed to the effective atom-surface potential of Eq. (47),
the vibrational displacements uj are now those of the cores and j is
a 3-D integer that counts all cores in the half-space containing the
crystal.
The unperturbed electronic eigenstates are solutions of

2𝜋 1 ∑ −2W eff (kf ,ki )
ℏ
e
ℏ a2c 𝜈
2NMS 𝜔(ΔK, 𝜈 )

𝜓K,n ,
Hel 𝜓K,n = Eel
K ,n

(71)

and through lowest order in perturbation theory 𝜓
̃ K,n can be
expressed in terms of 𝜓 K,n as

)
|(
|2
| eff
| (−)
qvΔK (T , z)| 𝜒k (z) · e(ΔK, 𝜈 )||
× || 𝜒k(+) (z) |̂
|
|
iz
fz
|
|

× |nBE (𝜔(ΔK, 𝜈 ))|𝛿 (Ef − Ei − ℏ𝜔(ΔK, 𝜈 )).

occ.
∑
2
|
̃ || ,
|𝜓
| K,n |

Hereafter it will be assumed that summations over the electron
states designated by K, n run only over occupied states. The normal
momentum of the electronic wave function is no longer a good quantum number due to the broken symmetry in the perpendicular direction, so in this notation it is included in the branch number n.
Vel is the electron-phonon interaction potential coupling the electron states to the cores, and we will choose it in the usual manner to
be a pairwise summation over core pseudopotentials

Comparing with the general, formal treatment of scattering in
Eq. (36) shows that to obtain the correct Debye-Waller factor in the
DWBA we need to do the following operation on Eq. (35) or (36)

(

nK,n (r) =

where the summation implicitly includes a factor of 2 for spin, the
electron wave function state is identiﬁed by the parallel wave vector
K and branch number n, and satisﬁes the Schrödinger equation

)
|(
|2
| eff
| (−)
× || 𝜒k(+) (z) |̂
qvΔK (T , z)| 𝜒k (z) · e(ΔK, 𝜈 )||
|
|
iz
fz
|
|
{[
] (
)
× nBE (𝜔(ΔK, 𝜈 )) + 1 𝛿 Ef − Ei + ℏ𝜔(ΔK, 𝜈 )
(
)}
+ nBE (𝜔(ΔK, 𝜈 ))𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) .
(65)

Tk0 ,k Δk𝛼 ⟶
f i

occ.
∑

′
∑

𝜓
̃ K,n = 𝜓K,n +

(67)

We emphasize again that the mass MS is not the mass of the crystal
core atoms, it is the effective mass associated with the vibrational
modes of the electron gas sampled by the colliding projectile, and
similarly for the mode polarization vectors e(ΔK, 𝜈 ).

K′ ,n′

𝜓K′ ,n′

(

1
Eel
K,n

−

Eel′ ′
K ,n

)

𝜓K′ ,n′ ||V el || 𝜓K,n ,
|

|

(72)

where the prime symbol on the summation indicates that the state
{K, n} is not included in the sum.
The perturbing potential, which includes electron-phonon coupling contributions to both elastic and inelastic interactions with colliding atomic projectiles, is proportional to the variation of the electronic density and can be expressed as a summation over {K, n} components

4. The electron-phonon coupling approach to atom-surface
scattering

𝛿  (r) ≅ AN 𝛿 n(r) = AN

4.1. Evaluation of the interaction potential
We wish to develop the theory of elastic diffraction and inelastic scattering of an atom colliding with the electron gas that extends
outward from the terminal layer of atomic cores of the surface. The
electron density vibrates due to the vibrations of the underlying crystal atomic cores, via the electron-phonon coupling. The basic theory
has been developed by Sklyadneva et al. [35,39] who demonstrated
that within a reasonable set of approximations the scattering intensity due to creation or annihilation of single phonon modes is proportional to the mode-dependent components 𝜆Q,𝜈 of the electronphonon coupling constant 𝜆 [38], deﬁned as discussed above by the
relationship due originally to Allen [41], 𝜆 = ⟨𝜆Q,𝜈 ⟩. The treatment
presented here extends this earlier work to include the electronphonon coupling contributions to elastic diffraction and to include a
complete description of the Debye-Waller attenuation together with
their relationships to the electron-phonon coupling constants.
The starting point is the distorted wave Born approximation
developed in Sec. 3 above, with the repulsive part of the atom-

= AN

∑
K,n

∑
K,n

= AN ℜ

𝛿 nK,n (r)
{
}
2
2
|
̃ K,n || − ||𝜓K,n ||
|𝜓
|
|
|
|

∑(
K,n

𝜓
̃ K,n − 𝜓K,n

)(

)

𝜓
̃ ∗K,n + 𝜓K∗,n .

(73)

where the symbol ℜ signiﬁes the real part is to be taken. Using Eq.
(72) together with the pairwise summation form for the potential of
Eq. (70) the variation 𝛿 nK,n (r) to ﬁrst order in perturbation theory
becomes

𝛿 nK,n (r) ≅ 2ℜ

′
∑ ∑
j

(

×

10

K′ ,n′

𝜓K∗,n 𝜓K′ ,n′

1
Eel
− Eel′
K ,n

K ,n ′

)

𝜓K′ ,n′ ||vel (r − rj − uj )|| 𝜓K,n .
|

|

(74)
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Since each electron state contributes independently, the {K, n}
contribution to the transition rate evaluated in the DWBA of Eq. (46)
is then
+∞

1

wK,n (kf , ki ) =

∫−∞
⟨(

ℏ2

dte−i(Ef −Ei )t∕ℏ

𝜒i(+) ||𝛿  K,n (r, 0)|| 𝜒f(−)

×

This is immediately recognized as a very convenient form for carrying out the thermal average over crystal vibrational state, because it
places all phonon displacement operators in the exponent and the
average can be carried out in a manner quite similar to that done in
connection with Eq. (22) above.
The overlap matrix simpliﬁes, because of the form of the electronic wave function of Eq. (77), and provides a relation between
momenta parallel to the surface:

|

)(

𝜒f(−) ||𝛿  K,n (r, t)|| 𝜒i(+)

|

|

|

)⟩

,

(75)

(

wK,n (kf , ki ) = 4A2N

+∞

1

ℏ2

×ℜ

K ′ ,n ′

j′

K′′ ,n′′

𝜒i ||𝜓K∗,n 𝜓K′ ,n′ || 𝜒f
|

)

|

𝜒f ||𝜓K∗,n 𝜓K′′ ,n′′ || 𝜒i
|

K ,n ′

)

|

|

(

1
Eel
−
Eel′′
K ,n

K ,n′′

)

|

𝜓K′′ ,n′′ ||vel (r − rj′ − uj′ (t))|| 𝜓K,n
|
|

×

)⟩

.

(76)

The above Eq. (76) contains two distinctly different types of
matrix elements,
the electron-phonon) coupling matrix elements
(

𝜓K′ ,n′ ||vel (r − rj − uj (t))|| 𝜓K,n

such as

|

|

which are subject to the

thermal average, and the overlap (matrix elements )
between elec|
|
tronic and projectile states such as 𝜒i |𝜓K∗,n 𝜓K′ ,n′ | 𝜒f .

|

|

1 iK·R
𝜑K,n (z) .
e
L

(

K−K′

)

×

(

Aj (K, n, ΔK, q) =

|

)

=

L2

j⊥

i(K−K′ )·Rj

e

j∥

∥

+∞

∫−∞

K ,n ′

dz𝜑∗K−ΔK,n′ (z)𝜑K,n (z)

∫−∞

−iqzj

(

iΔK·Rj

⊥e

∥

|
|
× ℜ 𝜒kiz (z) |𝜑∗K,n (z)𝜑K−ΔK,n′ (z)| 𝜒kfz (z)
|
|

×

1
el
Eel
−
E
K,n

K−ΔK,n′

vel
.
ΔK,q

)

(82)

The forms of the Debye-Waller-like arguments are similar to
those found in Eqs. (54) and (56),

(z)𝜑K,n (z)

i(K−K′ )·Uj (t) −iquj (t)
1
∥ e
⊥ .
dqeiqz vel ′ e−iqzj⊥ (t) e
−
K
,
q
K
2𝜋 ∫−∞

+∞

×e

+∞

×

(81)

̃

)

dz𝜑∗ ′

2 j,j′ (Kf ,Ki ,q,q′ ,t)

e

× e−W∥ (Kf ,Ki )−W (Kf ,Ki ,q)

|

1 ∑∑

′
∑
n′

where the 3-D counting index j is divided into a 2-D parallel index j∥
that counts unit cells in a plane parallel to the surface and a perpendicular 1-D index j⊥ that counts planes within the half-space of the
target crystal. Rewriting in detail the electron-phonon matrix element:

𝜓K′ ,n′ ||vel (r − rj − uj (t))|| 𝜓K,n

∑

where

(78)

(

∑

× Aj (K, n, ΔK, q)A∗j′ (K, n, ΔK, q′ ),

iq z−zj −uj (t)
1
⊥
⊥
dq e
vel ′ ,
K−K ,q
2𝜋 ∫−∞

=

+∞

′ ′
1
1
dqeiqz
dq′ e−iq z
2𝜋 ∫−∞
2𝜋 ∫−∞

j≡(j∥ ,j⊥ ) j′ ≡(j′ ,j′ )
∥ ⊥

(77)

+∞

z − zj⊥ − uj⊥ (t )

+∞

1 1
dte−i(Ef −Ei )t∕ℏ
L4 ℏ2 ∫−∞
+∞

×

This means that these matrix elements are a Fourier transform of
the potential in the parallel directions, and we further introduce a
Fourier transform in the z-coordinate
vel

(
)
|
|
× 𝜒kiz (z) |𝜑∗K,n (z)𝜑K′ ,n′ (z)| 𝜒kfz (z)
|
|
(
)
| ∗
|
= 𝜒kiz (z) |𝜑K,n (z)𝜑K′ ,n′ (z)| 𝜒kfz (z) 𝛿Kf −Ki ,K−K′ .
|
|

wK,n (kf , ki ) = 4A2N

The next logical step is to examine these, starting with the
electron-phonon matrix element. The zero-order electronic wave
functions 𝜓 K,n , in the region where the repulsive scattering takes
place (≈3 Å from the ﬁrst layer of core ions) can be regarded as
approximately unperturbed plane waves in the directions parallel
to the surface, but must be distorted wave functions in the normal
direction due to the broken symmetry introduced by the presence of
the surface, i.e.,

𝜓K,n (r) =

′
1
dRe−iKi ·R e−iK·R eiK ·R eiKf ·R
L4 ∫

The overlap matrix element of Eq. (80) clearly illustrates the
deﬁnition of the classical turning point. Appearing in that equation
are products of the initial and ﬁnal distorted waves 𝜒 i,f and the
electronic wave functions such as 𝜓 K,n . The electron wave functions
decay outside the surface, to a close approximation as exponential
functions of the normal variable z. The distorted waves decay in the
opposite direction into the region of this electron cloud decay very
rapidly, much more rapidly than exponential behavior [26]. Thus the
contributions to the overlap matrix elements come from this very
thin manifold layer of the overlap of the two different wave functions, and this layer is the deﬁnition of the locus of classical turning
points.
Given the above forms of the overlap and electron-phonon matrix
elements, the thermal average over crystal states can be effected and
many of the summations can be carried out using the 𝛿 -functions.
The process is quite similar to that of Sec. 2 above, and the ﬁnal result
using as before the notation ΔK = Kf − Ki is

1
Eel
− Eel′
K,n

𝜓K′ ,n′ ||vel (r − rj − uj (0))|| 𝜓K,n

×

|

(80)

′
(
∑ ∑

⟨(

|

dte−i(Ef −Ei )t∕ℏ

′ (
∑ ∑
j

×ℜ

∫−∞

)

𝜒i ||𝜓K∗,n 𝜓K′ ,n′ || 𝜒f =

Although the above is written with the proper notation for outgoing
and incoming projectile wave functions, we now make the assumption that the distorting potential  (z) is a function only of the z component making this notation superﬂuous. When written more explicitly Eq. (75) gives

(79)
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⟨((
)2 ⟩
1
W (Kf , Ki , q) =
ΔK · Uj∥ (0) + quz,j⊥ (0)
2

=

1
2

The total transition rate is the summation over all electronic
states

⟨((
)2 ⟩
⟨
⟩
ΔK · Uj∥ (0)
+ qΔK · Uj∥ (0)uz,j⊥ (0)

(0)

⟨
⟩
1
+ q2 u2z,j (0)
⊥
2

̃ (Kf , Ki , q),
= W∥ (Kf , Ki ) + W

(83)

⟨(
)
ΔK · Uj∥ (0) + quz,j⊥ (0)
(

ΔK · Uj′ (t ) + q uz,j′ (t )

×

∥

⊥

.

(84)

+ℜ

As before, the cross terms in the averaged displacement correlations do not necessarily vanish because of the broken symmetry
provided by the surface, however, we would expect them to be
small, and in many cases it may be a good approximation to neglect
̃ (Kf , Ki , q) ≈ W
̃ (q) = 1 q2 ⟨u2 (0)⟩
those cross terms, in which case W
z,j

×

×

⊥

𝜒kiz (z) ||𝜑∗K,n (z)𝜑K+G,n′ (z)|| 𝜒kfz (z)
|

( T , z) =

(0)

(0)

× ℜ

×

∑(
j⊥

𝜑K+G,n′ (z) ||velG ,eff (T , z − zj⊥ )|| 𝜑K,n (z)
|
|

× 𝛿Kf −Ki ,G 𝛿 (Ef − Ei ).

(88)

A2N 8𝜋 ∑ −2W eff (k ,k )
f i
e
a2c ℏ G

×

n

∑(
j⊥

𝜑K+G,n′ (z) ||velG ,eff (T , z − zj⊥ )|| 𝜑K,n (z)
|
|

×𝛿Kf −Ki ,G 𝛿 (Ef − Ei ).

]
) 2

(89)

Note that the effective meam-square displacements <u2 > appearing in the effective Debye-Waller factor remain yet to be speciﬁed.
They are the effective mean-square displacements of the electron
density in the neighborhood of the classical turning point, which is
in turn deﬁned by the overlap integral matrix element. We will identify the effective mean-square displacements, and hence the effective
Debye-Waller factor, below in Subsection 4.4, after the following discussion of the single-phonon inelastic scattering.

The single phonon contribution to the inelastic scattering
intensity
is obtained by
{
} expanding the correlation function
exp 2 j,j′ (Kf , Ki , q, q′ , t ) in Eq. (81) and keeping the ﬁrst order
term. It is convenient to deﬁne the effective, temperaturedependent, electron-phonon potential exactly the same way it was
deﬁned for the elastic case above in Eq. (85), but now we must also
use its derivative:

)

|

1
Eel
−
Eel
K ,n
K+G,n′

×

|
|

1
× el
EK,n − Eel
K+G,n′

(85)

𝜒kiz (z) ||𝜑∗K,n (z)𝜑K+G,n′ (z)|| 𝜒kfz (z)
|

|

4.3. Electron-phonon contribution to single-phonon inelastic scattering

′ (
∑
n′

|

K,n

4A2N 2𝜋 ∑ −2W (G)
∥
e
a2c ℏ G

[

𝜑K+G,n′ (z) ||velG ,eff (T , z − zj⊥ )|| 𝜑K,n (z) || .

[
′ (
)
∑
∑
ℜ
×
𝜒kiz (z) ||𝜑∗K,n (z)𝜑K+G,n′ (z)|| 𝜒kfz (z)
|
|
′

Note that vel,eff contains the “electron Debye-Waller-like factor”
through its folding-in with the perpendicular part of 2W, i.e., through
̃ (K −
the weighting of the Fourier transform integral by exp{−W
K′ , q)}. However, this includes only the parts of the Debye-Waller
factor associated with perpendicular motion. The purely parallel part
of the Debye Waller factor remains similar to the general treatment
of Sec. 2.
With the above deﬁnitions, many summations become trivial, and
the elastic transition rate components take the form
wK,n (kf , ki ) =

2
)||

∑(

wDWBA (kf , ki ) =

+∞

′
1
̃
dq eiqz vel ′ e−W (K−K , q) .
K − K ,q
2𝜋 ∫−∞

|

As in Eq. (62) above, the term proportional to 𝛿 ΔK,0 contributes only
to specular scattering and comes from the distorting potential.
Below, we write out the full elastic transition rate in the DWBA
for the non-specular diffraction peaks.

As before, the elastic scattering transition rate is given by expanding the exponentiated displacement correlation function in Eq. (81)
to zeroth order. It is also convenient to deﬁne, similar to before, an
effective, temperature-dependent, electron-phonon potential

K−K′

)

1
Eel
−
Eel
K,n

j⊥

4.2. Electron-phonon coupling contribution to elastic scattering

el,eff

(87)

K+G,n′

and depends only on the value eventually taken by q. The correlation functions of Eqs. (83) and (84) are called “Debye-Waller-like”
because they involve the vibrational displacement of the target cores,
and they are not the same as the effective Debye-Waller arguments
sampled by the projectile atoms during the collision. This distinction
will become clear in Sec. 4.4 below where the effective Debye-Waller
factor will be explicitly determined in terms of the core vibrational
amplitudes.

v

(0)

′ (
∑
n′

2

wK,n (kf , ki ) .

| ℏ2 k
|
iz i𝛿0
e 𝛿Kf −Ki ,0
|i
| mL
|

∑
| 0 |2
|T
|
| kf ,ki | ⟶
|
|
K ,n

)⟩

′

K,n

This shows that the total transition rate in the DWBA differs from
the form of the exact expression for elastic scattering of Eq. (31) in
that it contains an incorrect form of the Debye-Waller factor. Thus
the correct form of the transition rate in the DWBA which includes
the total effective Debye-Waller factor is obtained by applying the
following transformation to the exact expression of Eq. (31) above:

and the time dependent displacement correlation function is similar
to Eq. (55)
2 j,j′ (Kf , Ki , q, q′ , t ) =

∑

wDWBA (kf , ki ) =

]
) 2

(86)
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=
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′
̃
⊥ vel ′ e−W (K−K ,q)
K − K ,q

−iqzj

dqq𝛼 eiqz e

treatment, which for convenience is rewritten here:
wDWBA (kf , ki ) =
(1)

̂q𝛼 vel,eff′ (T , z − zj⊥ ),

(90)

K−K

)
|(
|2
| eff
|
qvΔK (T , z)| 𝜒kfz (z) · eeff (ΔK, 𝜈 )||
× || 𝜒kiz (z) |̂
|
|
|
|
(
)
× |nBE (𝜔(ΔK, 𝜈 ))|𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) ,

q=
where the vector operator is again as in Sec. 3.2 above ̂
(ΔK, −id∕dz).
As previously, many of the summations can be carried out trivially. The summations in the surface-parallel directions deﬁne the
momentum conservation relation, which is that the ﬁnal projectile
parallel momentum must equal that of the incident projectile, plus
that contributed by the transferred phonon with a possible G vector.
The result gives the transition rate components as

 =

A2 8𝜋 ∑
ℏ
e−2W∥ (Kf ,Ki )
wK,n (kf , ki ) = N2
ac ℏ 𝜈 2NM𝜔(ΔK, 𝜈 )

where
B(K, n, ΔK) = ℜ

v(r − rj − uj ) ,

(97)

Choosing the interaction potential according to the EsbjergNørskov relation [27].

 (r, t ) = AN n(r) ,

(98)

and recognizing that since n(r) is periodic parallel to the surface and
thus is actually of the form of the summation of Eq. (97), identiﬁes
the DWBA matrix element as

(91)

(

)

(

)

|
|
|
eff
𝜒kiz (z) ||̂q𝛼 veff
(T , z)| 𝜒kfz (z) = AN 𝜒kiz (z) |̂
q𝛼 nΔK (T , z)| 𝜒kfz (z) ,
ΔK
|

Eel
− Eel
K,n

|

|

|

K−ΔK,n′

n′

(

×

∑
j

(
)
′
𝜒kiz (z) ||𝜑∗K,n (z)𝜑K−ΔK,n′ (z)|| 𝜒kfz (z)
∑∑
|
|
j⊥

)
|
el,eff
𝜑K−ΔK,n′ (z) ||̂
qvΔK (T , z − zj⊥ )| 𝜑K,n (z) .
|
|

(96)

An important difference compared to Eq. (95) above is that the mass
MS is the effective mass and eeff (ΔK, 𝜈 ) is the effective phonon polarization vector of the electron gas. This result was obtained from an
atom-surface interaction potential of pairwise summation form

(1)

× |B(K, n, ΔK) · e(ΔK, 𝜈 )|2
{[
] (
)
× nBE (𝜔(ΔK, 𝜈 )) + 1 𝛿 Ef − Ei + ℏ𝜔(ΔK, 𝜈 )
(
)}
+ nBE (𝜔(ΔK, 𝜈 ))𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) ,

2𝜋 1 ∑ −2W eff (kf ,ki )
ℏ
e
ℏ a2c 𝜈
2NMS 𝜔(ΔK, 𝜈 )

(99)
(92)

with
+∞

1
2𝜋 ∫−∞

̃
e−W (ΔK, q) .

The total transition rate is the summation over all electronic
modes

n ΔK ( T , z ) =

wDWBA (kf , ki ) =

It is important to emphasize here that the dispersion (van der
Waals) part of the interaction potential can, in principle, be included
in the distorted wave functions 𝜒kiz (z). However, the choice of the
interaction potential in the form of Eq. (98) implies that the attractive
part of the potential due to dispersion forces is partially neglected.
This is equivalent to saying that the atoms start interacting with
the surface and exchange energy only during deceleration before
contacting the surface and acceleration after the collision, the initial and ﬁnal kinetic energies being therefore those at the bottom of
the potential well. Thus, these disregarded effects of the attractive
forces can be empirically compensated for by adding the depth of
the potential well D to that part of the atom kinetic energy associated
with normal motion [60]. Further discussion on this point appears in
Subsections 5.3 and 5.5.
The identiﬁcation of the effective displacement functions
becomes evident upon introducing the matrix element of Eq. (99)
into the electron-phonon DWBA of Eq. (95) above

(1)

∑
K,n

wK,n (kf , ki ) .
(1)

eff

(93)

We also recall that the proper way to introduce the full and correct
Debye-Waller factor is through comparison with the general result
of Eq. (35) above that indicates the following transformation to be
applied to Eq. (35)
occ.
| 0 |2
4A2N ∑
|T
|
B𝛼 (K, n, ΔK) B𝛼′ (K, n, ΔK) .
| kf ,ki | Δk𝛼 Δk𝛼′ ⟶ a2
|
|
c
K,n

(94)

The total transition rate can be put into a more compact and recognizable form, and with the correct effective D-W factor the ﬁnal
result for the single phonon transition rate in the DWBA is
wDWBA (kf , ki ) =
(1)

occ.
A2N 8𝜋 −2W eff (k ,k ) ∑ ∑
ℏ
f i
e
2 ℏ
2NM
𝜔
(ΔK, 𝜈 )
ac
𝜈 K ,n

× |B(K, n, ΔK) · e(ΔK, 𝜈 )|2
(
)
×|nBE (𝜔(ΔK, 𝜈 ))|𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) .

(1)

wDWBA (kf , ki ) =
(95)

dq eiqz nΔK,

q

(100)

4𝜋 −2W eff (kf ,ki )
e
a2c

)
∑ ∑ |(
|2
|
eff
| 𝜒k (z) ||̂
|
q
v
(
T
,
z
)
𝜒
(
z
)
·
C
(
K
,
n
,
Δ
K
)
|
k
|
|
iz
| ΔK
| fz
|
𝜈 K,n |
(
)
× ||nBE (𝜔(ΔK, 𝜈 ))|| 𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) ,
(101)

It is important to note that the mass M and polarization vectors
e(ΔK, 𝜈 ) are those of the crystal core atoms. Scattering conﬁgurations for which ΔK is larger than the distance to the Brillouin zone
boundary are handled by the periodicity in the reciprocal lattice vectors, i.e., 𝜔(ΔK + G, 𝜈 ) = 𝜔(ΔK, 𝜈 ), with similar periodicity for the
polarization vectors.

where the 𝛼 cartesian component of the vector C(K, n, ΔK) is

√
C𝛼 (K, n, ΔK) =

4.4. Determining the Debye-Waller factor, effective correlation
functions and displacement operators of the electron density

e𝛼 (ΔK, 𝜈 ) B𝛼 (K, n, ΔK)
1
(
) .
|
eff
NM𝜔(ΔK, 𝜈 ) 𝜒 (z) || ̂
q𝛼 nΔK (T , z)| 𝜒kfz (z)
kiz

|

|

(102)

The effective displacement correlation functions and displacement operators can be identiﬁed by comparing Eq. (95) to the corresponding DWBA result of Eq. (67) that we obtained from a general

Comparing the above to the general DWBA expression of Eq. (96),
or Eq. (67), allows us to pick off the effective time and position
13
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dependent displacement correlation function in its dyadic form:

⟨

eff

⟩

eff

u𝛼,j (0)u𝛼′ ,j′ (t )

∑∑
iQ·
= 2ℏ
C𝛼 (K, n, Q)C𝛼∗′ (K, n, Q)e
Q, 𝜈 K, n

×

{[

(

both the elastic and the single phonon inelastic transition rates.

)

Rj −Rj′

𝛼, 𝛼′ =1

]

nBE (𝜔(Q, 𝜈 )) + 1 e−i𝜔(Q,𝜈 )t

= 4ℏ

}
+ nBE (𝜔(Q, 𝜈 ))ei𝜔(Q,𝜈 )t ,
∑

(103)

eff

u𝛼,j (t )u

eff

𝛼 ′ ,j

Q,𝜈 K,n

×

nBE (𝜔(Q, 𝜈 )) +

1
2

}

.

(104)

Eq. (104) is the effective mean square displacement seen by an atom
in its collision with the surface. The relationship of the effective mean
square displacement to the vibrations of the cores is determined via
the electron-phonon interaction, thus we note again that in Eq. (104)
the polarization vectors and the mass M are those of the cores, i.e.
in particular the mass M is well deﬁned and is not an effective mass.
This effective mean square displacement is the same as appears in
the Debye-Waller factor.
Both the mean square correlation function and the displacement
correlation function above can be generated from the appropriate
eff
averaging using the following effective displacement operator u𝛼, j (t )
for the vibrational displacement of the j-th atom as a function of time
t. For making correlation functions of the same
⟨ cartesian direction
⟩
eff

eff

(i.e., the diagonal terms of the dyadic) such as u𝛼, j (0)u𝛼, j′ (t ) the
displacement operator is given by
eff
u𝛼,j (t )

=

√

[
∑ ∑

2ℏ

Q, 𝜈

K, n

]1∕2
|2

|C𝛼 (K, n, Q)
|
|

[ †
]
× eiQ· Rj ̂
a (Q, 𝜈 )e−i𝜔(Q,𝜈 )t + ̂
a(Q, 𝜈 )ei𝜔(Q,𝜈 )t .

Q,𝜈

K ,n

eff

u𝛼, j (t ) u

eff

𝛼′ , j

⟩

(t )

|Δk · C(K, n, Q)|2
}

1
.
(106)
2
A notable observation is that the Esbjerg-Nørskov constant AN has
cancelled out of the D-W factor. This is an important observation
because it means that the effective Debye-Waller factor is based only
on the very general principle that the atom-surface potential that
causes energy transfer is proportional to the surface electron density,
but does not depend on the value of the proportionality constant.
Notable also is the fact that the dependence on initial and ﬁnal
projectile momenta is substantially more complex than the simple dependence on Δk = kf − ki encountered in simpler theoretical treatments. This more complex momentum dependence, as well
as dependence on the attractive adsorption well in the interaction
potential, is introduced through the presence of the distorted atomic
wave functions. The polarization vectors as well as the mass M in
the above equation are those of the crystal cores, e.g., the same ones
encountered in bulk neutron scattering. It is the electron-phonon
coupling, via the e-ph matrix elements, that produces the actual
effective vibrational mean-square displacements experienced by the
colliding projectile interacting with the electron gas in front of the
surface.
As an added comment, we note that the correlation functions of
Eqs. (103) and (104) contain additional dependence on the temperature T apart from that expected from the Bose-Einstein functions
appearing explicitly. Consequently, the same is true for the DebyeWaller factor of Eq. (106). This additional temperature dependence
arises directly from the electron-phonon coupling matrix elements
and can be viewed as additional temperature dependence arising
from electronic Debye-Waller effects.
It is useful to note that the matrix elements A(K, n, Q, q), B(K, n, Q)
and C(K, n, Q) are essentially products of the perturbed potential multiplied by the electronic response function in the Lindhard
[58] form at T = 0 K (otherwise, at T > 0 K the electronic Fermi
occupation probabilities fK,n should appear through the product
fK,n (1 − fK−ΔK,n′ ). This form readily permits the extension of the theory to incorporate the response of low-energy acoustic surface plasmons (ASP) by replacing the Lindhard response function for free electrons with the one for interacting electrons in the random-phase
approximation. The recent demonstration that HAS can detect ASPs
in the THz regime calls for such an extension [59].

×

⟩ ⟨
⟩
(t ) = ueff
(0)ueff
(0)
𝛼,0
𝛼 ′ ,0
∑∑
= 4ℏ
C𝛼 (K, n, Q)C𝛼∗′ (K, n, Q)
{

⟨

Δk𝛼 Δk𝛼′

∑ ∑

{

where the summation Q, 𝜈 is restricted to the ﬁrst surface Brillouin
zone, −G∕2 < Q < G∕2.
Taking the limits j = j′ and t → 0 the above becomes independent of lattice position and reduces to the mean square displacement

⟨

3
∑

2W eff (kf , ki ) =

(105)

Having the actual form of the displacement operator is useful for
many other types of calculations and an example is the inelastic close
coupling formalism discussed in Sec. 7 below. Other examples of the
potential use of these displacement operators would be in the study
of polarons or plasmons at the surface. For polarons in insulators,
the polarization vector is proportional to the effective displacement
and the charge density is the gradient of this polarization vector [57].
Using the phonon displacement of Eq. (105) would allow evaluation
of the energy and effective mass of polarons including the effects of
electron-phonon coupling. For the case of plasmons in metals, one
could obtain a better estimate of the plasmon frequency upon taking
account of the vibrational oscillations of the charge density, including electron-phonon interactions, via the phonon displacement vectors of Eq. (105). Even though the theory developed here is primarily for metals, the phonon displacements of Eq. (105) could be used
in calculations for any of the many types of excitations of quasiparticles and collective excitations that are dependent on phonon displacements near the surface, thus including electron phonon coupling effects, and can also be extended to materials other than simple
metals.
Finally, and for completeness, using the mean-square displacements of Eq. (104) above, we write out in full the argument of the
effective D-W factor. This is the Debye-Waller factor that appears in

nBE (𝜔(Q, 𝜈 )) +

5. Relating scattered intensities to the electron-phonon coupling
constant
In this section a series of well tested approximations of electronphonon interaction theory is applied to the general expressions for
scattering spectra and correlation functions derived in Sec. 4 above.
We will begin with the intensity for single phonon inelastic scattering because that case illustrates the approximations in a clear manner and actually leads to the simplest and most easily interpreted
results.
5.1. Single phonon spectrum and the mode-dependent electron-phonon
coupling constant
We start by repeating the result of Eq. (95) for the transition rate
of the single-phonon intensity spectrum, here written out in fully
expanded form:
14
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A2N 8𝜋 −2W eff (k ,k ) ∑
f i
e
a2c ℏ
𝜈

wDWBA (kf , ki ) =
(1)

[

ℏ
2NM𝜔(ΔK, 𝜈 )

]

(

)
× ||nBE (𝜔(ΔK, 𝜈 ))|| 𝛿 Ef − Ei + ℏ𝜔(ΔK, 𝜈 ) .

We wish to put the above in terms of the mode-speciﬁc components of the electron-phonon coupling constant, which were ﬁrst
recognized by Allen [36,41,42] and are expressed as

[
′ (
)
∑∑
∑
ℜ
×
𝜒kiz (z) ||𝜑∗K,n (z)𝜑K−ΔK,n′ (z)|| 𝜒kfz (z)
|
|
′
K,n

j⊥

n

(

|
el,eff
𝜑K−ΔK,n′ (z) ||̂
qvΔK (T , z − zj⊥ )| 𝜑K,n (z)
]2

|2
∑ ||∑
|
|
𝜆Q,𝜈 =
g ′ (K, Q, 𝜈 )𝛿{K−Q,n′ }; kF || 𝛿{K,n}; kF ,
 (EF )[ℏ𝜔(Q, 𝜈 )]3 K,n || n′ n,n
|
|
|
2

1
× el
EK,n − Eel
K−ΔK,n′

×

|

)

(112)

|

|n (𝜔(ΔK, 𝜈 ))|
| BE
|

·e(ΔK, 𝜈 )𝜈

(
)
× 𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) .

(107)

A standard approximation often applied is to replace the
− Eel
=
energy denominators by the phonon energy [36], Eel
K,n
K−ΔK,n′
ℏ𝜔(ΔK, 𝜈 ), an approximation that is quite appropriate to this treatment of single phonon transfers at metal surfaces [37]. This operation
simpliﬁes the above equation to
A2 8𝜋 −2W eff (k ,k ) ∑
f i
e
wDWBA (kf , ki ) = N2
ac ℏ
𝜈

[

(1)

∑
×
[
K,n

[

1

ℏ𝜔(ΔK, 𝜈 )

]2

ℜ

ℏ
2NM𝜔(ΔK, 𝜈 )

j⊥

n′

]2

𝜑K,n (z) ≈ e−𝜅F z ,

(108)

with

We now cast the above into a more compact form using standard
deﬁnitions. The overlap integral is usually deﬁned by

|

(109)

|

∑

[

j⊥

ℏ
2 NM𝜔(ΔK, 𝜈 )

] 1∕ 2

| el,eff
|
× 𝜑K−ΔK,n′ (z) |̂
qv
(T , z − zj⊥ ) | 𝜑K,n (z)
| ΔK
|

·e(ΔK, 𝜈 ).

)

A2 8𝜋 −2W eff (k ,k ) ∑
1
f i
e
wDWBA (kf , ki ) = N2
[
]2
ac ℏ
ℏ𝜔
(Δ
K, 𝜈 )
𝜈

×

K,n

ℜ

,

(115)

)

𝜒kiz (z) ||e−2𝜅F z || 𝜒kfz (z) ,
|

|

(116)

extremely rapidly towards the surface. All other electron wave functions would have energies with respect to the vacuum that result in
decay constants 𝜅 > 𝜅 F , thus their corresponding overlap integrals
would be much smaller because of the rapid decay of the projectile
wave functions. This justiﬁes writing the overlap integral restricted
to states near the Fermi surface with the electron wave vector 𝛿 functions as we have done above in Eq. (113).
Combining the above deﬁnitions casts the transition rate of Eq.
(111) into the following form:

(110)

wDWBA (kf , ki ) =
(1)

(1)

′
∑

ℏ

and the projectile distorted wave functions 𝜒kiz (z) and 𝜒kfz (z) decay

The deﬁnition for gn,n′ (K, ΔK, 𝜈 ) differs slightly from the standard deﬁnitions [36,41] in that an effective, temperature-dependent
electron-phonon potential now appears in the matrix element in our
treatment. This arises from the Debye-Waller considerations on the
electrons that we have introduced into this treatment.
Using the above two deﬁnitions of Eqs. (109) and (110) puts the
single-phonon transition rate into the form

∑

2 m∗e 𝜙

(

IF (ΔK) ≈

(

[

(114)

where m∗e is the electronic effective mass. All other overlap matrix
elements for electron energies deeper into the Fermi sea are much
smaller. To make this explicitly clear, note that for electron states
close to the Fermi energy the overlap integral is of the form

It is a matrix element of the non-diagonal electron density function.
The electron-phonon coupling matrix is notated as
gn,n′ (K, ΔK, 𝜈 ) ≡

(113)

√

𝜅F =

)

𝜒kiz (z) ||𝜑∗K,n (z)𝜑K−ΔK,n′ (z)|| 𝜒kfz (z) .

)

The 𝛿 -functions indicate that the important contributions arise only
when both electron wave functions have energies very near the
Fermi energy, and this is also signiﬁed by the subscript F on the overlap integral IF (ΔK). This result is understood by recognizing that outside the surface the electron wave functions are exponentially decaying with a length constant depending on the work function 𝜙, i.e., for
electrons at the Fermi energy

)

(
)
× 𝛿 Ef − Ei − ℏ𝜔(ΔK, 𝜈 ) .

In,n′ (K, ΔK) ≡

|

= IF (ΔK)𝛿{K,n}; kF 𝛿{K−ΔK,n′ }; kF .

|

|

(

|

)

× 𝛿{K,n}; kF 𝛿{K−ΔK,n′ }; kF

|n (𝜔(ΔK, 𝜈 ))|
| BE
|

·e(ΔK, 𝜈 )𝜈

𝜒kiz (z) ||𝜑∗K,n (z)𝜑K−ΔK,n′ (z)|| 𝜒kfz (z)

|
|
≈ 𝜒kiz (z) |𝜑∗K,n (z)𝜑K−ΔK,n′ (z)| 𝜒kfz (z)
|
|

)

|

(

(

𝜒kiz (z) ||𝜑∗K,n (z)

|
el,eff
𝜑K−ΔK,n′ (z) ||̂
qvΔK (T , z − zj⊥ )| 𝜑K,n (z)

×

In,n′ (K, ΔK) ≡

]

|

(

and their relation to the e-ph coupling constant is 𝜆 = ⟨𝜆Q,𝜈 ⟩. The
Kronecker 𝛿 -functions signify that both electron states, denoted by
K, n and K − Q, n′ , must lie close to the Fermi energy and  (EF ) is
the density of electronic states (DOS) at the Fermi energy.
Before casting the single phonon transition rate in terms of the
𝜆Q,𝜈 it is necessary to show that the Kronecker 𝛿 -functions in the
deﬁnition of Eq. (112) are implicitly present in Eq. (111). This is made
evident by recognizing that the dominant contributions to the overlap matrix element In,n′ (K, ΔK) come only from electron states very
near the Fermi surface, i.e., we can write

′ (
∑∑

𝜑K−ΔK,n′ (z)|| 𝜒kfz (z)

×

(111)

A2N 4𝜋
eff
 (EF )e−2W (kf ,ki )
a2c ℏ

×

]2

∑
𝜈

In,n′ (K, ΔK)gn,n′ (K, ΔK, 𝜈 )

ℏ𝜔(ΔK, 𝜈 )||IF (ΔK)||2 𝜆ΔK,𝜈

(
)
× ||nBE (𝜔(ΔK, 𝜈 ))|| 𝛿 Ef − Ei + ℏ𝜔(ΔK, 𝜈 ) .

n′
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Applying the electron-phonon approximation on the energy
denominators of Eq. (89) must be speciﬁed more carefully in the
elastic case. In setting Eel
− Eel
′ ≈ ℏ𝜔(K, 𝜈 ) the energy ℏ𝜔(K, 𝜈 )
K ,n
K+G,n

must be regarded as an average phonon energy transferred in the
electron-phonon interaction, because no net energy is exchanged
between the ﬁnal and initial state of the atomic projectile. The above
two approximations transform the elastic transition rate into
wDWBA (kf , ki ) =
(0)

∑ 𝛿{K,n}; k
A2N 8𝜋 ∑ −2W eff (k ,k )
2
F
f i |I (G)|
e
F
|
|
2 ℏ
[ℏ𝜔(K, 𝜈 )]2
ac
G
K,n
|∑
)
| ′ ∑(
× ||
𝜑K+G,n′ (z) ||velG ,eff (T , z − zj⊥ )|| 𝜑K,n (z)
|
|
| n′ j
⊥
|
|2
|
× 𝛿{K+G,n′ }; kF | 𝛿Kf −Ki ,G 𝛿 (Ef − Ei ) .
|
|

In order to make Eq. (119) appear in a simpler form we can deﬁne
a component containing the e-ph coupling information, similar to
the 𝜆Q,𝜈 of Eq. (112) arising for the inelastic case, as follows:

Fig. 1. An incident atom in a state of wavevector ki is inelastically scattered into a ﬁnal
state of wavevector kf by the overlap vertex IF (ΔK) and creates a phonon of wavevector ΔK and branch index 𝜈 via a virtual electron-hole pair of states and the electronphonon vertex term g. (Reprinted with permission from Ref. [46]. Copyright [2016]
American Chemical Society).

Λ(G) =

∑ 𝛿{K,n}; k
F
[ℏ𝜔(K, 𝜈 )]2
K ,n

|∑
| ′ ∑(
|
𝜑K+G,n′ (z) ||velG ,eff (T , z − zj⊥ )||
|
|
|
| n′ j⊥
|

|2
)
|
× 𝜑K,n (z) 𝛿{K+G,n′ }; kF | .
|
|

The above is similar to the important result of Sklyadneva et
al. [35,39] It shows that the probability of creating (or annihilating) a phonon mode {Q, 𝜈 } with frequency 𝜔(Q, 𝜈 ) is proportional
to the respective electron-phonon coupling constant 𝜆Q,𝜈 . However,
Eq. (117) contains an important difference, and that is it appears
with the correct Debye-Waller factor exp{ − 2Weff (kf , ki )}. Furthermore, this Debye-Waller factor is the effective D-W factor of the
electron density, via the electron-phonon coupling interaction, evaluated at the position of the overlap of the electronic wave functions
and the wave functions of the colliding atomic projectile. This effective D-W factor has been identiﬁed and evaluated in Eq. (106) of Subsection 4.4 above.
The inelastic He-atom scattering process is illustrated by the diagram of Fig. 1, in which an incident projectile atom in a state of
wavevector ki is inelastically scattered into a ﬁnal state of wavevector kf , eventually creating a phonon of wavevector ΔK and branch
index 𝜈 via the mediation of a virtual electron-hole pair involving
the electronic states at the Fermi level of parallel wavevectors K
and K′ and band indices n and n′ . The non-diagonal electron density matrix element IF (ΔK) acts as an effective scattering potential, whose matrix element between the initial and ﬁnal atom states
provides the upper vertex term, whereas the lower vertex term is
expressed by the electron-phonon matrix element gn,n′ (K, ΔK, 𝜈 ). It
is important to remark that the phonon can be generated near the
surface or, as depicted in Fig. 1, at several atomic planes beneath the
surface, the maximum depth being determined by the range of the
e-ph interaction. Since in some cases this maximum depth can be
larger than might otherwise be expected the effect has been dubbed
the quantum sonar effect (QSE) [35,39].

(120)

Then the form of the elastic scattering intensity, after applying the
standard electron-phonon approximations becomes
wDWBA (kf , ki ) =
(0)

A2N 8𝜋 ∑ −2W eff (k ,k )
2
f i |I (G)|
e
|F |
a2c ℏ G

× Λ(G) 𝛿Kf −Ki , G 𝛿 (Ef − Ei ) .

(121)

This is of the expected general form of Eq. (63) for elastic scattering in the DWBA where it is seen that the matrix element consists
2
of the overlap integral factor ||IF (G)|| multiplied by the electronphonon interaction factor Λ(G). This latter factor, like the closely
related electron-phonon coupling constant components 𝜆Q,𝜈 , is proportional to the mod-squared electron-phonon matrix elements, but
it is deﬁned only at the diffraction peak positions. The effective
Debye-Waller exponent appearing in the elastic intensity is speciﬁed
by Eq. (106).
5.3. Relating the Debye-Waller factor to the electron-phonon coupling
constant
The argument of the exponential in the effective Debye-Waller
factor is given above in Eq. (106). This is the general form
which shows that the Debye-Waller exponent has a much more
complicated energy dependence than the simple dependence on
Δk = kf − ki often assumed based on approximations more suited
for neutron scattering or X-ray diffraction. This additional energy
dependence arises from the appearance of the matrix elements
involving the distorted projectile states. This also indicates that
effects of the adsorption well are included, since the distorted states
will in general be solutions of a potential that contains an attractive
well.
Further simpliﬁcations will, however, require additional approximations. One step is to recognize that to a good approximation the
eff
electron density will be approximately exponential, i.e., nQ (T , z) ∝

5.2. Elastic scattering and its relation to electron-phonon coupling
The elastic diffraction intensity was developed above in Subsection 4.2. The overlap integral is similar to that of Eq. (109) above
for the inelastic case, its evaluation again shows that only electron
states near the Fermi surface will contribute, but since the parallel
momentum transfers are limited to surface reciprocal lattice vectors
Eq. (113) simpliﬁes to
In,n′ (K, G) = IF (G) 𝛿{K,n}; kF 𝛿{K+G,n′ }; kF .

(119)

exp(−2𝜅F z) and consequently its derivative will be approximately
a multiplicative factor of −2𝜅 F . This permits combining the vector

(118)
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operator components ̂
q𝛼 into a new momentum transfer vector operator that depends on momentum transfer, the electronic effective
mass m∗e and the work function 𝜙

̂
q =

(

Δkx , Δky , −i

Δkz d

)

2𝜅F dz

The above forms show the dependence of the Debye-Waller exponent on the electron-phonon matrix elements, but expresses this
dependence as a weighted summation over a slightly altered
deﬁnition of the mode selective mass correction components 𝜆Q,𝜈 .
There is one interesting case in which the form of the DebyeWaller argument can be put in terms of a summation over the standard deﬁnition of Eq. (112) for 𝜆Q,𝜈 and this is for the specular diffraction peak, where the parallel momentum transfer is zero. This is also
a good approximation for when the transfer of momentum normal to
the surface is large compared to the parallel momentum, for which
ΔK2 ≪ Δk2z and ΔK can be ignored. In this case we have

⎛
⎞
ℏΔk
d⎟
= ⎜Δkx , Δky , −i √ z
,
⎜
dz ⎟
2 2 m∗e 𝜙 ⎠
⎝
(122)

allowing

2Weff (kf , ki )

to be expressed as

2W eff (kf , ki )

[

∑
∑∑
ℜ
=8
Q,𝜈 K,n

×

′
∑

1
Eel
−
Eel
K,n
K−Q,n′

·e(Q, 𝜈 )

𝜒kiz (z) ||𝜑∗K,n (z)𝜑K−Q,n′ (z)|| 𝜒kfz (z)
| )
( |
|
𝜒kiz (z) ||neff
(
T
,
z
)
𝜒
( z)
|
| Q
| kfz

n′

j⊥

√

(

(

)

| el,eff
|
𝜑K−Q,n′ (z) ||̂
q vQ (T , z − zj⊥ )|| 𝜑K,n (z)
|

ℏ
2NM𝜔(Q, 𝜈 )

]2

{

2W eff (kf , ki ) = 4 (EF )

⎡
⎤
IF (Q)
)⎥
× ⎢(
⎢ 𝜒 (z) ||neff (T , z)|| 𝜒 (z) ⎥
⎣ kiz | Q
⎦
| kfz
{
}
1
× nBE (𝜔(Q, 𝜈 )) +
𝜆Q,𝜈 ,

)

|

1
nBE (𝜔(Q, 𝜈 )) +
2

}

∑
Q,𝜈

.

(123)

2W eff (kf , ki ) = 4 (EF )

2

2

gn,n′ (K, Q, 𝜈 ) ≡

j⊥

ℏ
2NM𝜔(Q, 𝜈 )

(124)

2W eff (kf , ki ) = 4 (EF )

[

(125)

𝜆Q,𝜈 =

2

∑

 (EF )[ℏ𝜔(Q, 𝜈 )]3 K,n

𝛿{K,n}; kF

𝜆HAS =

|∑
|2
| ′
|
× || 𝛿{K−Q,n′ }; kF gn,n′ (K, Q, 𝜈 )|| .
| n′
|
|
|

]

(130)

which shows that the simplest form of the Debye-Waller argument
for the specular diffraction beam is proportional to the electronphonon coupling constant. This allows extraction of 𝜆 directly from
the temperature dependence of the D-W exponent. Hereafter the
symbol 𝜆HAS shall be used to indicate the e-ph coupling constant
obtained from Eq. (130) and expressed as a function of the measured
specular HAS intensity as

)

| el,eff
|
× 𝜑K−Q,n′ (z) ||̂
q vQ (T , z − zj⊥ )|| 𝜑K,n (z) · e(Q, 𝜈 ),
|
|
and

∑
m Ei cos2 (𝜃i )
kB T
𝜆Q,𝜈
𝜙
m∗e
Q,𝜈

k T
m
= 4 (EF ) ∗ Ei cos2 (𝜃i ) B 𝜆,
𝜙
me

]1∕2

(

(129)

The weighting coeﬃcients are quantities that can be readily evaluated, i.e., the squared ratio of the overlap integral and the distorted
wave matrix elements of the repulsive potential, and in many cases
such as for a ﬂat, weakly corrugated surface this ratio is nearly unity.
Thus the simplest approximation is

q in Eq. (122)
but because of the new deﬁnition of the vector operator ̂
the electron-phonon matrix element, and hence the mode selected
𝜆Q,𝜈 are redeﬁned slightly differently from the standard form of Eq.
(112) as follows:

[

m Ei cos2 (𝜃i )
kB T
𝜙
m∗e

⎤
∑⎡
IF (Q)
⎢(
) ⎥ 𝜆Q,𝜈 .
×
| eff
|
⎢
⎥
Q,𝜈 ⎣ 𝜒kiz (z) |nQ (T , z)| 𝜒kfz (z) ⎦
|
|

2

∑

(128)

where Ei cos2 (𝜃 i ) is the incident energy associated with motion perpendicular to the surface. The corresponding high temperature limit
is

ℏ𝜔(Q, 𝜈 )

⎡
⎤
IF (Q)
)⎥
× ⎢(
⎢ 𝜒 (z) ||neff (T , z)|| 𝜒 (z) ⎥
⎣ kiz | Q
⎦
| kfz
{
}
1
× nBE (𝜔(Q, 𝜈 )) +
𝜆Q,𝜈 ,

2

2

Applying the electron-phonon approximations of replacing the
energy denominators by the phonon energy, and recognizing that the
overlap integral restrains all electronic summations to the region of
the Fermi surface as shown in Eq. (113) puts the exponent into the
form
2W eff (kf , ki ) = 4 (EF )

m Ei cos2 (𝜃i ) ∑
[ℏ𝜔(Q, 𝜈 )]
𝜙
m∗e
Q,𝜈

𝜕 ln I00 (T ) m∗e 𝜙
−1
.
2  ( EF )
kB 𝜕 T
ℏ2 k2iz

(131)

Values of 𝜆 can also be extracted from the Debye-Waller behavior
of diffraction peaks using a modiﬁed form of Eq. (130) for conditions
in which the perpendicular momentum transfer is much larger than
that in the directions parallel to the surface, and in fact this is the
conﬁguration most often encountered in experiments. Speciﬁcally, if
Δk2z ≫ |G|2 then the Debye-Waller exponent associated with the G
diffraction peak is obtained by making the following replacement in
Eq. (130) above:

(126)

The high temperature limit, obtained by expanding the BoseEinstein distribution function for kB T > ℏ𝜔(Q, 𝜈 ), is
2

⎤
∑⎡
IF (Q)
⎢(
) ⎥ 𝜆Q,𝜈 .
2W (kf , ki ) = 4 (EF )kB T
| eff
|
⎢
⎥
Q,𝜈 ⎣ 𝜒kiz (z) |nQ (T , z)| 𝜒kfz (z) ⎦
|
|
eff

Ei cos2 (𝜃i ) = Eiz =

(127)
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ℏ2 k2iz
2m

⟶

ℏ2 |Δk|2
8m

.

(132)
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developed here. However, as explained above in connection with Eq.
(2), for the case of atom scattering the meaning of ΘD as well as the
crystal mass MS is ambiguous at best. The ﬁrst problem is that these
two parameters appear as the inseparable product MS Θ2D , the second problem is that the mass MS is related to the true mass of the
surface atomic cores only indirectly because the atomic projectiles
interact with the electron cloud in front of the surface, and hence
only indirectly with the cores. Thus, both MS and Θ2D are not necessarily those of the crystal core atoms, but are effective values as measured from the electron cloud. This ambiguity helps to explain why in
many cases the values of ΘD as determined from Debye-Waller analysis of He atom scattering experiments often are seen to vary widely
from values determined by other types of experiments such as low
energy electron diffraction or neutron scattering.
Eq. (135) provides an interesting link between the present e-ph
theory and the conventional approach

where for the diffraction peak the scattering vector is given by
|Δk|2 = Δk2z + G2 .
At this point a word of caution should be introduced concerning the use of the so-called Beeby correction. This is an approximation that has been historically important in evaluating atom-surface
scattering intensities and consists in adding the well depth D to the
energy associated with motion normal to the surface. For the simplest case of specular scattering such as in Eq. (130) this implies
Eiz = Ei cos2 (𝜃i ) ⟶ Eiz + D ,

(133)

whereas for a diffraction peak, such as the case of Eq. (132), the correction must be applied separately to both the incident and ﬁnal normal momentum according to
Efz = Ef cos2 (𝜃f ) ⟶ Efz + D ,

(134)

The Beeby approximation, as originally formulated [60], strictly
applies to the use of hard wall repulsive potentials where it is valid
only in the case of adsorption well depths that are small compared
to the He atom energy associated with motion normal to the surface. In the formalism developed here the attractive well of the
physisorption potential is naturally incorporated into the distorted
wave Born approximation through the distorted wave functions such
as 𝜒kiz (z) and 𝜒kfz (z). Thus, particularly for atomic projectiles inter-

𝜆HAS =

,

(136)

5.5. The role of free-electron gas dimensionality
The surface charge density oscillations produced by the phonon
thermal motion which are probed by the reﬂected atoms at a certain distance from the ﬁrst atomic layer generally involve all electron states at the Fermi level. In the absence of surface states at the
Fermi level only the continuum of bulk states contribute to the surface charge oscillations, whereas in the presence of surface localized
states, the latter are supposed to contribute most, possibly due to
their longer extension outside the crystal. In the former case the use
in Eqs. (130) and (135) of the standard density of states  F for the
3DEG can be used, whereas in the latter case the expression of  F
for the 2DEG should be more appropriate. Note that in a ﬁrst application of this theory to metal surfaces [46] the 3-D  F was used
also for systems with surface localized states at the Fermi level, by
heuristically using the surface-state Fermi wavevector instead of the
bulk kF , which proved satisfactory for a ﬁrst estimation of 𝜆 from the
temperature dependence of the D-W exponent.
In order to make the present theory applicable also to surface
quasi-1D systems, like, e.g., Bi(114) [61–63], (see Subsection 6.4.1)
as well as to quasi-crystalline surfaces which can be viewed as 2-D
projections of periodic crystals with dimension d > 3 [64–66], it is
convenient to introduce the Fermi-level DOS per unit energy and unit
d-dimensional hypervolume

do not account for the van der Waals attractive potential, then the
Beeby correction should be used, with the caveat that its use is valid
only if the well depth D is small compared to the energy associated
with normal motion. Experimental groups often analyze their atomscattering data using the Beeby correction. For this reason, we have
reported some of the results shown below in Table 5 both with and
without the Beeby correction.
5.4. Relationship between 𝜆 and the Debye effective force constant
It is of interest to relate the current interpretation of the DebyeWaller factor in terms of the electron-phonon interaction and the
widely accepted interpretation in terms of the crystal core masses
and Debye temperatures, i.e., the interpretation that is used in many
other types of scattering such as neutron, electron or X-ray scattering and also for Mössbauer spectroscopy. The following equation
expresses, for the simplest possible case of the specular beam, the
two ways of writing the Debye-Waller exponent
mE
24 m Eiz T
= 4 (EF ) ∗ iz 𝜆 kB T .
MS kB Θ2D
me 𝜙

1

 (EF ) ℏ2 fDs

with fDs = MS Θ2D k2B ∕ℏ2 = MS 𝜔2D the effective Debye force constant.
It is important to note that in Eq. (136) MS and 𝜔D are the effective
mass and frequency of a mode with the largest e-ph coupling, representing alone the entire spectrum, and cannot in general be interpreted as the surface atom mass and the usual surface Debye frequency (ℏ𝜔D = kB ΘD ) as derived, for example, from the analysis of
LEED spectra, where the interaction between the probe and the atom
cores is direct and not mediated by the free electron gas. Eq. (136)
connects the e-ph interaction 𝜆 to the binding energy of Fermi-level
electrons via 𝜙, their density of states  (EF ) and the effective surface Debye force constant which is expressed as fDs .

acting with metal surfaces, where the interactions involve soft, more
slowly varying interaction potentials the attractive physisorption
well is already partially accounted for in the distorted wave functions and the use of the Beeby correction is not needed. Also, in the
case of ﬂat and weakly corrugated surfaces such as most metals, the
approximations leading to Eq. (130) show that the matrix elements
taken with respect to these distorted wave functions cancel. Here,
however, the inelastic processes have been assumed to mostly occur
through the phonon-induced modulation of only the repulsive part
of the potential, written in the Esbjerg-Nørskov form of Eq. (98). At
surfaces with a fairly hard repulsive potential and a corresponding
deep attracting well, as in semiconductors and conducting layered
materials (e.g., graphite and transition metal chalcogenides), the role
of the long-range attractive potential may not be negligible in inelastic scattering, especially for comparatively low incident energy of the
atom projectiles, and the Beeby correction is in order. Clearly, if one
uses approximate distorted wave functions 𝜒kiz (z) and 𝜒kfz (z) that

2W eff (kf , ki , T ) =

6m∗e 𝜙

(d)

F

(135)

The middle expression of Eq. (135) is the standard result of Eq. (2),
often used for determination of the surface Debye temperature ΘD
from the thermal attenuation, while the ﬁnal term on the right hand
side is the result of the electron-phonon interpretation of Eq. (130)

=

kdF

𝛾d EF

,

(137)

where

( )

𝛾d ≡ 2d−1 𝜋 d∕2 Γ
18

d
2

,

(138)
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expressed as

d being the dimension, and Γ the Riemann gamma-function deﬁned
for integer d as

( )

Γ

d
2

(

=

=

)

(3)

d
−1 ! ,
2

√
(d − 2)‼ 𝜋
2(d−1)∕2

 ( EF ) = c ∗ a c  F

d even;

,

d odd.

(139)

(2)

(3)

(d)

kF = (2m∗e EF )1∕2 ∕ℏ the Fermi wavevector.  F

𝜆HAS = −

is related to the d-

𝜙𝛾d

k2F

(Δkz )2

𝜕 ln{I (T )}
.
kB 𝜕 T

{
(

k2F 𝜕 ln I(T )∕ki

4(kF r0 )d kB T

=

kF
.
kFs

𝜕 k2iz

)

(140)

}

,

2𝜋𝜙
𝜕 ln [I(T )]
.
ns ac (Δkz )2
kB T

(143)

(3)

r0d .

In the case that the HAS reﬂectivity is available as a function of the
incident wavevector ki , the electron-phonon coupling constant is
obtained from
d)
𝜆(HAS
= −

𝜋

N (EF ) ≈ vc  F with vc ≡ c0 ac equal to the crystallographic cell volume and kFs replacing kF can be made, as in Ref. [46], provided 𝜋 ∕c0 kF
is close to unity. The limits of this approximation can be appreciated
from the comparison with the values of 𝜆HAS derived from Eq. (143)
and presented in the next section.
It is of interest to note that the e-ph theory approach in this
work provides an alternative view of the Beeby correction, namely
it can be seen as a a way to account for the neglected effects of
the long-range dispersion forces through a small extension to the
depth over which He atom scattering samples the e-ph constant 𝜆.
As appears in the denominator of Eq. (143), for specular scattering
where Δk2z = 4k2iz = 8mEiz ∕ℏ2 the normal component of the incident
energy appears multiplied by the number ns . This leads to the following interpretation of the Beeby correction

≡
r0 is a length deﬁning the lattice unit-cell hypervolume
From these deﬁnitions, the HAS electron-phonon coupling constant for a general d-dimensional free-electron system is given by
as v(d)

(kF r0

c ∗ kF

It is noted that for a ﬁrst guess of 𝜆HAS the simple approximation

(d)

dimensional DOS at the Fermi level N(d) by  F = N (d) (EF )∕r0d , where

)d

ns ≡

( EF ) ;

With this deﬁnition of the number ns , essentially the number of surface layers contributing to the e-ph coupling constant, the surface
3DEG probed by HAS can be viewed as a stack of ns 2DEGs, and the
HAS electron-phonon coupling constant is then written as

gas (3DEG) expressions,  F = m∗e ∕𝜋ℏ2 and  F = m∗e kF ∕𝜋 2 ℏ2 ,
respectively, are readily obtained with m∗ the effective mass and

𝜙𝛾d

(2)

(142)

For d = 2 (𝛾 2 = 2𝜋 ) and d = 3 (𝛾 3 = 2𝜋 2 ) the usual twodimensional electron gas (2DEG) and three-dimensional electron

d)
𝜆(HAS
= −

= ns 

(141)

where the factor ki dividing the intensity is the energy-dependent
correction to the incident beam intensity.
It is important to remark that the surface charge density, whose
modulation scatters the probe atoms, receives comparable contributions from both the Fermi-level free electron bands of the bulk
and the electronic surface states, either localized or in the form of
surface resonances. The range of the electron-phonon interaction,
which allows HAS to detect atomic vibrations several layers beneath
the surface (quantum sonar effect, or QSE) is basically that of surface Friedel oscillations in the normal direction beneath the surface
(Lang-Kohn (LK) oscillations) [67]. In the semi-inﬁnite jellium they
behave for z → ∞ as cos[2(kF z − 𝛾K )]∕(kF z)2 , where 𝛾 K is a phase
shift, and the oscillation period 𝜋 ∕kF provides the length scale of
the free-electron gas. First-principle calculations by Li et al. [68] for
real metals such as aluminum low-index surfaces actually indicate a
slower and less regular decay than predicted by a semi-inﬁnite jellium with the kF value for aluminum. The addition of the periodic
lattice potential and of the corresponding periodicity of the surface
potential, introduce further Fermi surface nestings, in addition to
the one for 2kF in the direction normal to the surface. Further nestings can occur between Fermi-surface states in equivalent symmetry
directions, (kF ∥ ) and (kF ⊥ ). These reﬂections, as well as the associated diffraction (umklapp) processes, contribute LK oscillation components of periods (𝜋 ∕kF ⊥ ), which is generally longer than that of the
single component for the semi-inﬁnite jellium, (𝜋 ∕kF ). Surface states
at the Fermi level with a wavevector kFs can also contribute additional components of LK oscillations. The simplest approximation to
account for the considerable depth of the surface free-electron gas,
including the complexity arising from the projection of the 3-D band
structure on the surface space, and the prominent role of surface
states is to treat the free-electron gas in the extended surface region
as an ideal 3DEG with the surface-state Fermi wavevector kFs replacing the bulk kF . The actual range c∗ of the electron-phonon interaction responsible for the quantum-sonar effect and the phononinduced surface charge density oscillations may be taken to be of
the order of the surface-state length scale: c∗ ≈ 𝜋 ∕kFs [66]. With
this in mind, the Fermi-level DOS of the 3DEG contained in the effective unit-cell volume c∗ ac of the surface region probed by HAS can be

ns Eiz ⟶ ns (Eiz + D) ≡ ns Eiz ,

(144)

where ns = ns (1 + D∕Eiz ). Eq. (144) shows that the Beeby correction
may be regarded as a small increase in the extension of the e-ph
interaction depth ns .
6. Numerical evaluations of 𝝀 from experimental data
In this section we determine values of 𝜆HAS as measured by atom
scattering experiments for a number of different systems. The simplest and most readily available data are for the thermal attenuation
of elastic diffraction intensities, notably the specular beam, but the
dependence of the Debye-Waller factor on incident energy and other
experimentally controlled variables such as incident and ﬁnal angles
is also considered.
6.1. Normal metals using thermal attenuation
When dealing with normal metal surfaces the simplest, though
qualitative, approach is to use for  (EF ) in Eq. (131) the 3DEG
expression

 (EF ) = 3Zm∗e ∕ℏ2 k2F ,

(145)

where Z is the number of free electrons per atom. This gives

𝜆HAS =

1
4  ( EF )

−𝜕 ln I00 (T ) m∗e 𝜙
kB 𝜕 T

mEiz

≈

2
−𝜕 ln I00 (T ) 𝜙 kF

kB 𝜕 T

6 Z k2iz

. (146)

Examples of the thermal attenuation for the cases of Sb(111) and
Bi(111) are shown in Fig. 2. Values of 𝜆HAS for several metals calculated with this 3DEG approximation appear in Table 1. The values for
Sb(111) and Bi(111), 𝜆HAS = 0.28 and 0.57, respectively, compare
favorably with the respective previously reported values of 𝜆 = 0.27
as calculated ab-initio by Campi et al. [88], and 𝜆 = 0.60 by Hofmann [86].
When a knowledge of the Fermi wavevectors of both bulk, kF , and
surface, kFs , is available, a reasonable guess of the e-ph interaction
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inelastic close coupling calculations, as discussed in detail below
in Subsection 7.3. Brieﬂy, the calculated ﬁt to the helium scattering diffraction peaks gives a value fDs = 4.2 × 104 erg/cm2
for the Debye coupling constant appearing in Eq. (136). Combining with the 3-D free electron DOS of Subsection 5.5 leads to
𝜆HAS = 6𝜋 2 𝜙∕(vc kF fDs ) where vc is the unit cell volume. With values of 𝜙 and kF taken from Table 2 the value 𝜆HAS = 0.62 is obtained,
which is close to the other values quoted above, and is also listed in
Tables 1 and 2.
Some additional comments about the data presented in Tables 1
and 2 are in order. The experimental HAS data for Pb(111) taken
from Refs. [71,75] are for the speciﬁc case of seven monolayers of
Pb on a Cu(111) substrate. It is also evident from the list of measured
values of 𝜆 from other sources that there can be signiﬁcant variations in reported bulk values, a situation that is illustrated by the
cases of Bi(111) and Cu(110) as well as Pb(111) appearing in Table 2.
The critical parameter in Eq. (146) is the Fermi wavevector appropriate for the surface electron gas which mostly contributes to the
He-surface potential at the turning point. For the surfaces of Bi, Sb,
Cu and W considered in Table 2, the values of kF associated with relevant surface bands cutting the Fermi level have been extracted from
the quoted literature. Ultrathin ﬁlms such as 7 ML-Pb(111)/Cu(111),
whose thickness is less than the range of electron-phonon interaction, present the interesting case that all the electronic states of
the quantum well are involved and therefore the use of the bulk
kF appears to be more appropriate. In the case of copper, measurements on epitaxial nanometric ﬁlms yield 𝜆 of the order of 0.1
[98], whereas photoemission data from the Cu(110) surface [95,96]
yield 𝜆 = 0.23 ± 0.02 for the surface states at Y. The value derived
from HAS data with kF = 0.25 Å−1 for the surface band at Y [82] is
𝜆 = 0.15, intermediate to the above experimental values but closer
to the Cu bulk value reported in Allen’s review (𝜆 = 0.14 ± 0.02)
[89]. Because of the quantum sonar effect [35,39], the information
carried by HAS may not exclusively come from surface states. For
weakly bound (van der Waals) layered crystals the surface electronic
and dynamical properties differ little from the bulk ones. Moreover,
for isoelectronic materials, such as Sb(111) and Bi(111), measured

Fig. 2. Debye-Waller plots of the specular intensity vs. T for He atom scattering
from Sb(111) and Bi(111). Data for Sb(111) from Ref. [69] and for Bi(111) from Ref.
[70].(Reprinted with permission from Ref. [46]. Copyright [2016] American Chemical
Society).

depth, represented by the number ns = kF ∕kFs of Eq. (142) can be
made and 𝜆HAS obtained in this way from Eq. (143). Examples for various surfaces are given in Table 2. Note that for Sb(111) and Bi(111)
the same values of 𝜆HAS reported in Table 1 are obtained with kFs corresponding to that of the surface hole pockets [81,83]. The limited
number ns of surface layers probed by the surface e-ph interaction,
suggests to model the conducting surface as a stack of 2DEGs, so as
to deal with a Fermi level DOS independent of the actual value of
the Fermi wavevector, the only information needed being the effective electron mass at the Fermi level. This approach originated from
a HAS study of the e-ph interaction in ultrathin ﬁlms as a function of
the layer number, discussed in the next subsection, Sec. 6.2.
For Bi(111) a third independent method of determining 𝜆HAS
arises from ﬁtting the individual diffraction peak intensities using

Table 1
The e-ph coupling constant 𝜆HAS as derived from the temperature dependence of the HAS specular intensity Eq. (146) with the
free-electron DOS assumption for selected conducting surfaces and compared with values of 𝜆 from other sources as cited. For
Pb(111) the experimental data are from Ref. [71] and the value given for 𝜆HAS is for seven monolayers of Pb on a Cu(111)
substrate. For the Cu data of Refs. [72,73] there were several incident angles measured and the ones chosen are denoted, and the
slope of the D-W plot was taken in the region of room temperature.
Surface
Cu(111) [73]

Δ ln I(T)∕ΔT
[10−3 K−1 ]

k2iz
[Å-2 ]

𝜙

kF

[eV]

[Å-1 ]

Z

𝜆HAS

𝜆 (other sources)

4.2

30.36 [73]

4.94 [77]

0.25 [82]

1

0.083

4.48 [77]

0.25 [82]

1

0.148

108.2 [72]

4.59 [77]

∼ 0.6 [93]

1

0.195

0.093 [98]
0.13 [99]
0.15 [36]
0.17 [87]
0.23 [95,96]
0.15 ± 0.03 [36]
0.13 [99]
0.28 [89]
0.95 [39]
0.7–0.9 [97]
0.059 [91]
0.12 [99]
0.13 ± 0.04 [36]
0.13 ± 0.03 [36]
0.11 [99]
0.15 ± 0.03 [36]
0.16 [99]
0.27 [88]
0.60 [86]
0.45 [94]

6.20 [73]

𝜃 i = 56.9◦
Cu(110) [73]

1.7

𝜃 i = 67◦
Cu(001) [72]

6.61

𝜃 i = 19◦
W (001)1 × 1 [74]
Pb(111) [71] a

4.1
5.0

26.3 [74]
5.65 [71,75]

4.32 [80]
4.25 [78]

1.19 [84,85]
0.65 [39]

6
4

0.31
0.769

Ag (111) [34]
(1,0) peak

3.4

16.82 [34]

4.74 [90]

0.22 [92]

1

0.082

K (110) [100] b

8.07

16.29 [100]

2.30 [78]

0.27 [101]

1

0.16

Cs(110) [100] c

17.8

26.9 [100]

2.1 [78]

0.26 [101]

1

0.18

Sb(111) [69]
Bi(111) [70]

5.6
11.5

22.8 [69]
16.79 [70]

4.56 [79]
4.23 [76]

0.80 [83]
0.72 [81]

5
5

0.28
0.57

a
b
c

For a 7-ML ﬁlm of Pb on Cu(111).
For a 10-ML ﬁlm of K on Ni(111).
For a 10-ML ﬁlm of Cs on Cu(111).
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Table 2
The e-ph coupling constant 𝜆HAS as derived from the temperature dependence of the HAS specular intensity using the multiple layer free electron
DOS of Eqs. (142) and (143) for selected conducting surfaces, compared with values of 𝜆 from other sources as cited. As in Table 1, for the Cu data of
Refs. [72,73] there were several incident angles measured and the ones chosen are denoted, and the slope of the D-W plot was taken in the region
of room temperature. Note that the values of 𝜆HAS for Sb(111) and Bi(111) are identical with those of Table 1, but here are calculated with a
different form of the DOS.

−∂ ln[I(T)]∕∂kB T
[ −1 ]

[kiz −2 ]

2

𝜙

Å

[eV]

73.64

60.5

Cu(110) [73]

27.6

Cu(001) [72]
Ag (111) [40]

Surface

Cu(111) [73]

𝜆HAS

[kF −1 ]

[kFs−1 ]

ns

4.94 [77]

1.36 [102]

0.16 [105]

8.5

0.19

35.6

4.48 [77]

1.36 [102]

0.20 [103,104]

6.8

0.09

76.86

108.2

4.59 [77]

1.36 [102]

0.20 [109]

6.8

0.12

20.40

60.5

4.74 [90]

1.20 [102]

0.22 [92]

5.5

0.07

eV

Å

Å

𝜆
(other sources)

Al (111) [111]

16.1

34.6

4.28 [78]

1.75 [102]

1.10 [108]

1.6

0.30

Pt (111) [40]

20.0

60.5

5.65 [78]

0.99 [107]

0.90 [112]

1.1

0.39

W (001)1 × 1 [74]

47.67

26.3

4.32 [80]

1.19 [84,85]

0.40 [106]

1.0

0.39

0.093 [98]
0.13 [99]
0.15 [36]
0.17 [87]
0.23 [95,96]
0.15 ± 0.03 [36]
0.13 [99]
0.059 [91]
0.12 [99]
0.13 ± 0.04 [36]
0.39 [110],
0.38 [113]
0.43 ± 0.05 [36]
0.66, 0.31 [110]
0.40 ± 0.01 [36]
0.29 [89]

Sb(111) [69]
Bi(111) [70]
from ICC

65.0
133.5

22.8
16.79

4.56 [79]
4.23 [76]

0.80 [83]
0.72 [81]

0.17a [83]
0.16a [81]

4.7
4.5

0.28
0.57
0.62

0.27 [88]
0.60 [86]
0.45 [94]

𝜃 i = 45◦
𝜃 i = 20◦
𝜃 i = 19◦
𝜃 i = 45◦

a

𝜃 i = 45◦
𝜃 i = 45◦
𝜃 i = 45◦

Hole pockets.

under similar conditions, the difference in 𝜆HAS is essentially due to
that between the respective slopes of 2W(T) (Fig. 2 and Table 1).
This provides a qualitative direct way to assess the e-ph coupling
strengths by comparing the temperature dependence of the respective D-W exponents.
Recently, a value of 𝜆 = 1.3 for Bi(111) has been reported
[45]. This value, which was obtained by comparing energy-resolved
inelastic HAS scattering spectra for Bi(111) with those of Pb(111),
is larger than that reported here obtained from Debye-Waller factor measurements on the specular diffraction peak, and also larger
than the values reported from other sources. However, inelastic HAS
spectra sample only a limited number of phonon modes, namely only
those modes that can be accessed along the He atom scan curve. The
scan curve, which results from energy conservation and conservation of momentum parallel to the surface, appears in a plot of energy
transfer versus ΔK as a parabolic function whose shape is determined by the incident He atom beam energy and angles, and the
angular position of the detector. For example, a speciﬁc scan curve
equation for the most commonly used in-plane scattering experimental conﬁguration is given below in Eq. (177). Only those phonons
with both energy ℏ𝜔ΔK,𝜈 and parallel momentum ΔK lying on the
scan curve are accessible in an inelastic HAS spectrum for a given set
of experimental conditions. However, as is evident from its deﬁnition
in the form due to Allen [41], 𝜆 = ⟨𝜆Q,𝜈 ⟩, the coupling constant 𝜆
is an average over all phonons. When, as a trial estimate of 𝜆, the
average over {Q, 𝜈 } is restricted to a selected set of phonons, e.g.,
those sampled by HAS along a single scan curve, trial values of 𝜆 dispersed over a fairly large range may be found. This is illustrated by
the interesting example of Bi(111) vs. Pb(111) in Ref. [45], where a
ratio of 𝜆Pb ∕𝜆Bi = 1.35 was obtained from similar HAS scan curves
for each of the two metals. This is in contrast with the ratio of 0.75,
about a factor 2 smaller, from the Debye-Waller factors reported in
Table 2, and means that under the kinematic conditions of Ref. [45]
the phonons sampled in Bi(111) make a larger contribution to e-ph
interaction than in the 7 ML-Pb(111) ﬁlm. The comparison is interesting because Pb is a bulk superconductor with transition temperature decreasing from bulk to ultrathin ﬁlms, whereas bulk Bi is not a
superconductor, but it becomes so in reduced dimensionality [114],

possibly because of some speciﬁc surface-localized phonons with
particularly strong e-ph coupling. Thus, sampling different segments
of the phonon spectrum with inelastic HAS may help in pinpointing
which phonons are actually important for electron pairing in lowdimensional superconductors. The Debye-Waller factor, on the other
hand, is not similarly limited by the scan curve, and hence is able to
produce the true and correctly averaged 𝜆 for a given surface.
6.2. Metallic overlayers
The simple expression of Eq. (135) shows that in the temperature
region where the D-W exponent is linear in temperature T it is also
proportional to 𝜆, and in the proportionality relation  (EF ) is the
effective electron density of states at the Fermi level referred to the
surface unit cell and includes only those states which cause a vibration of the surface charge density as a consequence of the thermal
vibrational motion of the cores.
Bulk electronic properties of alkali metals can often be approximated as those of a free electron gas, and He atom scattering gives
evidence that near the surface the electrons may also be approximated by a free electron gas. The evidence is that He atom scattering from all alkali surfaces thus studied exhibits only a specular
diffraction peak and all other diffraction peaks have negligible intensity. This implies that the electronic density near the surface is very
smooth, and justiﬁes the use here of a free electron gas DOS for the
region near the surface of alkali metals. Alkali metal crystals have
body centered cubic (BCC) structure, and this holds true in the layerby-layer growth. For all of the alkali metals studied here the layerby-layer growth builds up also with a BCC structure regardless of the
crystal structure or crystalline face orientation of the growth substrate.
An example of the alkali atom experiments is exhibited in Fig. 3a)
which shows, for potassium overlayers on Ni(001), the specular He
atom scattering Debye-Waller exponent ln[I(T)∕I0 ] is a nearly linear function of T at small monolayer (ML) numbers [115]. Interestingly, the slope of these D-W plots increases nearly linearly with ML
number n for small ML numbers as shown in Fig. 3b) in terms of the
dimensionless quantity 𝛼 deﬁned below in Eq. (148), but eventually
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Fig. 3. a) The HAS reﬂectivity as a function of the surface temperature, normalized to the extrapolated T = 0 value, for 2, 3, 5 and 10 ML ﬁlms of K (110) on Ni(111) (adapted
from Ref. [100]). This is plotted on a logarithmic scale in order to show the approximate linearity of the Debye-Waller exponent with temperature. b) The average logarithmic
slope of I(T)∕I0 , expressed in terms of the dimensionless constant 𝛼 of Eq. (148), increases linearly with the ﬁlm thickness up to saturation at a thickness of 5 ML. (Reprinted with
permission from Ref. [115]. Copyright [2018] American Chemical Society).

the slope saturates for ML numbers greater than n = nsat . In this
case saturation occurs for ML number nsat = 5. For thicker ﬁlms,
which for K (110)/Ni(111) were measured up to n > 10 [100], the
slope remains the same and may be regarded as that of semi-inﬁnite
K (110). In this case the number ns of Eq. (142) is identiﬁed with nsat .
The density of states for a two-dimensional nearly free electron
gas is given by



(2D)

(EF ) = m∗e ∕𝜋ℏ2 .

(147)

The experimentally observed linear behavior exhibited by successive layers of K in Fig. 3b) at small ML numbers strongly suggests
that in this region each monolayer contributes independently to the
density of states at the Fermi surface. Theoretical support for this
supposition comes from recent calculations of the band structure of
free-standing thin ﬁlms of alkali metals [116]. The DOS can be calculated readily from the band structure. As an example, for a free
standing ﬁlm of up to 11 layers of Cs the band structure shows one
parabolic quasi-free electron band per layer, each one contributing
the same Fermi level DOS per unit surface area equal to m∗e ∕𝜋ℏ2
[116]. As seen in Fig. 4, the band structure calculated ab-initio for
a self-standing 11 ML Cs(110) ﬁlm shows 11 parabolic quasi-free
electron bands (disregarding the zone-boundary foldings and the
small avoided crossings), corresponding to the same number of 2dimensional electron gases (2DEG), each one contributing the same
Fermi level DOS per unit surface area.
This linear increase of the D-W slopes shown in Fig. 3b) implies
that in Eq. (135) for n < nsat one should use  (EF ) = nm∗e ac ∕𝜋ℏ2
where ac is the area of a unit cell. Then 𝜆 derived from Eq. (135)
becomes

𝜆HAS =

𝜋
2n

𝛼 ; 𝛼 ≡

𝜙 ln[I(T1 )∕I(T2 )]
ac k2iz kB (T2 − T1 )

, for n ≤ nsat ,

Fig. 4. DFT calculation of the band structure near the Fermi level (EF = 0) of a selfstanding 11 ML Cs(110) ﬁlm, from Ref. [116].

actually obtains the same value as found above for n < nsat , i.e.,
𝜆HAS = 0.16 as shown in Table 1, which compares favorably with
the known tabulated bulk values which range from 0.11 [99] to
0.13 ± 0.04 [36].
Similar measurements have been made for Cs(110)/Cu(111) as
shown in Fig. 5 [100]. It is seen that for this system saturation also
begins after nsat = 5. In this case the value of 𝜆HAS produced by the
ﬁrst three layers turns out to be 0.18. At saturation for n > 5, again
using the three-dimensional free electron DOS in Eq. (135), the value
produced is also 0.18 which compares favorably with the tabulated
bulk values of 0.15 [36] and 0.16 [99]. The values of 𝜆HAS for n < nsat
for these and all the other alkali metal systems studied here, together
with more details, are contained in Table 3. The ability to study Cs
with He atom scattering is interesting as it is one of the few elements
that is diﬃcult to study in the bulk with neutron scattering because
of the very high neutron capture cross section of the Cs nucleus. He
atom scattering at a Cs surface is not hampered by such problems.
With the identiﬁcation of ns of Eq. (142) as nsat , Eq. (148) can be
used for any conducting surface, provided a convenient value of ns
can be guessed from the crystallographic and electronic structure of
the surface. From the few examples reported in Table 4, it is learned
that for close-packed fcc metal surfaces with a short Thomas-Fermi

(148)

where T1 and T2 are any two temperatures in the region where
2Weff (kf , ki ; T) is linear in T. Since the dimensionless function 𝛼 ,
derived from the HAS data and plotted in Fig. 3b), initially grows linearly with n, 𝜆 consequently has about the same value for n < nsat .
The ﬁrst four layers produce the value 𝜆 = 0.16.
After saturation, i.e., for n > 5, the slope of the Debye-Waller
plot no longer depends on the number of monolayers so it is appropriate to use in Eq. (135) the DOS for a free electron gas,  (EF ) =
3Zm∗e ∕ℏ2 k2F , where Z is the number of electrons provided by each
substrate metal atom. Using Z = 1 and 0.27 Å−1 for kF [101] one
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Fig. 5. Similar to Fig. 3, but for Cs(110) ﬁlms on Cu(111). Data from Ref. [100]. (Reprinted with permission from Ref. [115]. Copyright [2018] American Chemical Society).

Table 3
The e-ph coupling constant 𝜆HAS derived from the specular intensities of helium atom scattering experiments on alkali metal
and Pb layers deposited on various close packed metal substrates. Also shown are the relevant experimental parameters as
well as values of 𝜆 for the bulk alkali metals taken from other sources as cited. The brackets ⟨· · ·⟩ signify an average taken over
all n in the layer-by-layer growth spectra subject to n ≤ nsat .
Growing
layers
Li (110)/
W (110) [117]
Na (110)/
Cu(001) [120]
K (110)/
Ni(001) [100]
Rb (110)/
Ni(001) [100]
Cs(110)/
Cu(111) [100]
Pb(111)/
Cu(111) [75]

⟨ [

]⟩

𝜆 (other

[Å-2 ]

[eV]

n
n ≤ nsat

𝜆HAS

[K]
0.261

80

34.9

2.32 [118]

2–5

0.47 ± 0.11

0.119

80

35.9

2.75 [78]

2–4

0.17 ± 0.03

0.206

100

27.1

2.30 [78]

2–5

0.16 ± 0.05

0.296

90

29.7

2.16 [78]

2–5

0.19 ± 0.06

0.346

75

26.9

2.14 [78]

1–5

0.18 ± 0.03

0.098 ± 0.016

140

5.65

4.25 [78]

n ≥ 3

0.9–1.15

0.40 [36]
0.35 [99]
0.16 [36]
0.24 [119]
0.13 [36]
0.11 [99]
0.16 [36]
0.15 [99]
0.15 [36]
0.16 [99]
0.95 [39]
0.7–1.05 [97]
1.12–1.68 [36,99]

ln In ∕In+1

T

k2iz

𝜙

sources)

logarithmic Debye-Waller plots. To show this consider comparing
the intensity maxima for the n and n + 𝓁 monolayers (with both
n and n + 𝓁 < nsat ) denoted by In (T) and In+𝓁 (T), respectively. In
general, if layer-by-layer growth plots such as Fig. 6 are carried out
at two different temperatures T1 and T2 , with both of these temperatures within the range over which the D-W plots are linear in T, Eq.
(148) can be expanded to produce a value of 𝜆 from the following
combination

screening length, such as the (111) surfaces of Al, Ir and Pt, just one
atomic layer (ns = 1) accounts for the e-ph interaction. On the other
hand the isostructural Ni(111) surface, having a shallow majorityspin surface state with kFs about one third of kF requires ns = 3
(see Eq. (142)) [132]. For the close-packed hexagonal Ru (0001) surface ns = 2, corresponding to the periodicity in the z-axis, is a good
choice, while for the less packed (110) surfaces of fcc Ag and of bcc Fe
and Ba metals three atomic layers (ns = 3) needs to be considered.
As seen in Table 3, for bcc alkali (110) surfaces, providing just one
conduction electron per atom, saturation is reached with 4–5 layers.
On the other hand, Pb(111) ultra-thin ﬁlms on Cu(111), also isostructural to Ni(111), reach saturation, as discussed in the next subsection,
at a comparatively large value of ns , presumably also related to a very
shallow S2 surface state predicted at the K point of the surface Brillouin zone [133].
In addition to Debye-Waller plots such as Figs. 3a) and 5a) another
important type of measurement which is often carried out is the
monitoring of layer-by-layer growth from oscillations in the specular intensity as a function of deposition time, taken at a ﬁxed temperature. An example of Li (110) monolayers deposited on a W (110)
substrate at T = 80 K and Ei = 37 meV is shown in Fig. 6. Such
measurements provide another method for obtaining the 𝜆 value for
n < nsat by comparing intensities of the oscillation maxima (which
occur at full ML coverage) for different ML numbers. Again, this possibility depends on the known linear behavior in temperature of the

𝜆HAS =
=

=

(n + 𝓁 )𝜆 − n𝜆
𝓁

[ (

𝜋𝜙
2𝓁 ac k2iz kB (T2 − T1 )

𝜋𝜙
2𝓁 ac k2iz kB (T2 − T1 )

ln

[ (
ln

In+𝓁 (T1 )
In+𝓁 (T2 )
In+𝓁 (T1 )
In (T1 )

)

(

− ln
)

(

− ln

In (T1 )
In (T2 )

)]

In+𝓁 (T2 )
In (T2 )

)]

,
(149)

provided that n + 1 ≤ nsat and 𝓁 + n ≤ nsat .
An even simpler expression can be obtained upon recognizing
that the extrapolation of the specular intensity to T = 0 becomes
independent of layer number, or can be normalized to the same value
as shown in Figs. 2, 3 and 5. Thus, if the intensity at T1 is taken to be
that obtained by extrapolation to T → 0, Eq. (149) simpliﬁes to

𝜆HAS =
23

𝜋𝜙
2𝓁 ac k2iz kB T

(

ln

In (T )
In+𝓁 (T )

)

,

(150)
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Table 4
Table giving 𝜆HAS for selected metals, calculated using methods similar to those used for determining 𝜆HAS for metallic layers with
the 2-D free electron density of states.
Surface

T range

𝜙

𝛼

ns

𝜆HAS

[K]

Ei
[meV]

[eV]

Al (111) [111]

120–300

36

4.28 [78]

0.28

1

0.44

Ir (111) [129]

250–700

64

5.27 [78]

0.19

1

0.30

Pt (111) [40]

275–800

63

5.65 [78]

0.27

1

0.48

Ru (0001) [127]
(Energy Dependence) [128]
(Neon atoms) [128]
Fe (110) [122] (diffuse elastic)

250–650
200
90–200
150–820

64
10–97
64
45.5

4.71 [78]

4.5 [78]

0.56
0.42
0.50
0.50

2
2
2
3

0.44
0.33
0.39
0.26

Ag (110) [130] (diffuse elastic)
Ba (110) [124]

300–672
145–480

17.5

∼ 24

4.26 [78]
2.7 [78]

0.212
0.40

3
3

0.12
0.21

Ni(111) [129]
(3 He atoms) [131]

250–600
250–600

66
8

5.15 [78]

1.16
1.19

3
3

0.60
0.62

𝜆
(other sources)
0.39 [110], 0.38 [113]
0.43 ± 0.05 [36]
0.41 [110], 0.34 [113]
0.50 [110]
0.66, 0.31 [110]
0.4 ± 0.1 [36]
0.45 [99]
0.4 ± 0.1 [36]
0.24 [123]
0.27 ± 0.01 [91]
0.12, 0.04 [110]
0.14 [121,125]
< 0.15 [126]
0.27 [89]
0.3, 0.7 [110]

Fig. 6. The specular He atom scattering intensity as a function of deposition time (proportional to coverage) for Li (110) deposited on a W (110) substrate (from Ref. [117]).
The ML numbers are indicated. The specular intensity saturates above n = 8. In this
system there is a small maximum at 0.5 coverage, while the monolayer at n = 1
is rather disordered due to the conﬂicting periodicities of W (110) and the Li (110)
layer. (Reprinted with permission from Ref. [115]. Copyright [2018] American Chemical Society).

as long as the temperature T is within the region for which 2W is
linear in T. A distinct advantage of using the layer-by-layer growth
methods of either Eq. (149) or (150) is that even if the growth curve is
measured at only a single temperature, such as the case for Li (110) in
Fig. 6, all combinations of two different peaks provide distinct values
of 𝜆, and this gives suﬃcient numbers of values for which a standard
deviation of error can be evaluated. If the growth plots are carried
out at two or more different temperatures, such as the case for Rb
(110)/Ni(001) in Fig. 7b), Eq. (149) can be used and this provides even
greater numbers of distinct values for 𝜆.
The HAS specular intensity patterns for Li (110) on a W (110)
substrate of Fig. 6 and Na (110)/Cu(001) in Fig. 7a), both deposited
at a temperature of 80 K, show saturation behavior. For Li (110)/W
(110) the saturation occurs after n = 8 and using Eq. (150) the average over n = 2 → 8 gives 𝜆HAS = 0.54 ± 0.08, while the more
restricted average over n = 2 → 5 gives 𝜆HAS = 0.47 ± 0.11.
By comparison the bulk value ranges from 𝜆 = 0.30 [99] to
0.40 [36]. The pattern of Na (110) growth in Fig. 7 suggests

Fig. 7. a) Similar to Fig. 6 but for Na (110) monolayers on a Cu(001) substrate at
T = 80 K, showing clear saturation behavior. From Ref. [120]. b) For Rb (110) monolayers on a Ni(001) substrate, showing measurements at two different temperatures
of 50 and 90 K as marked. From Ref. [134]. (Reprinted with permission from Ref. [115].
Copyright [2018] American Chemical Society).

a very regular growth, and the average over n = 2 → 4 gives
𝜆HAS = 0.17 ± 0.03 as compared to 0.16 for bulk Na [36] and 0.24
for the surface of an Na quantum well [119].
With regards to Rb (110)/Ni(001) in Fig. 7b) 𝜆HAS can be derived
from the D-W temperature dependence over the range of n = 2–5
and for the two different temperatures of 50 and 90 K using both Eqs.
(149) and (150). The average is 𝜆HAS = 0.19 ± 0.06 as compared
with the standard bulk value of 0.16 [36]. This bulk value is smaller,
and also smaller than the values extracted via Eq. (149) from the D-W
plot slopes [134] for n > 2 which are 0.19 at 50 K and 0.22 at 90 K.
24
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Fig. 8. a) Bilayer-by-bilayer growth curves for Pb(111) deposited on Cu(111) at temperatures of 140, 210 and 250 K as measured with HAS at the incident energy of 5.97 meV
[75,137]. b) Values of 𝜆HAS extracted from the growth curves shown in a) (ﬁlled diamonds connected by a solid line). The isolated diamond at n = 1 marked “wl” is from the
wetting layer. The downward-pointed ﬁlled triangles at small n are values of 𝜆HAS extracted from the energy dependence of the Debye-Waller factor as discussed below in Sec.
6.3 [138]. The point marked by a cross (+) is from energy dependent measurements made at n = 5 taken in conjunction with the temperature-dependent data [137]. Values of
𝜆 calculated with density functional perturbation theory for thin ﬁlms are shown as ﬁlled circles connected by a dashed line [35]. The upward-pointing triangles connected by
dash-dotted lines are angle resolved photoemission spectroscopy (ARPES) measurements [97]. A collection of values for bulk lead taken from the literature [36,99] (ﬁlled circles
at n → ∞) are shown for comparison. (Reprinted with permission from Ref. [115]. Copyright [2018] American Chemical Society).

This suggests that a non-negligible contribution to the decrease of
the specular intensity comes from the increase of defects with temperature, as indicated also by the small layer-by-layer oscillations.
On the other hand the lack of large oscillations, ostensibly due to
defects, does not seem to strongly affect the value of 𝜆HAS which
encompasses the electron-phonon interaction of the whole ﬁlm as
probed by HAS.
It is important to point out another advantage of obtaining 𝜆 from
the layer-by-layer growth plots and this is that effects due to disorder and defects tend to cancel. This can be seen from the ﬁrst line of
Eq. (149); if at T1 and T2 the additional attenuation of the n-th (and
similarly for the n + 𝓁 -th) peak due to static disorder is identical,
then it cancels out of the intensity ratio. This is evident because the
attenuating effect of disorder is usually expressed as a multiplicative factor (sometimes called a characteristic function [135]) applied
to each diffraction peak [136], regardless of whether the disorder is
due to small displacements of the surface or due to defects and, in
the intensity ratios appearing in Eq. (149) and (150), such factors
cancel. Clearly in the growth spectra such as in Figs. 6 and 7 both
disorder and changes in the electron-phonon interaction must play
a role in the fact that the layer-by-layer peaks gradually become less
pronounced. In some cases the specular intensity reaches a non-zero
saturation value, such as for Li (110) in Fig. 6 or Na (110) in Fig. 7
a), while in other cases the specular intensity appears to continue
decreasing with large coverage such as for Rb at T = 90 K in Fig. 7.
For the systems which exhibit this saturation behavior with coverage it appears reasonable to assume that disorder attenuation is less
important and the gradual disappearance of the layer-by-layer peaks
is indicative of the inﬂuence of the electron-phonon interaction. For
the systems that do not exhibit such saturation with coverage the
disorder due to defects in the growing overlayer is surely playing a
much larger role, but these systems are still amenable to analysis

using Eq. (149) and (150) because, as mentioned above, the effects of
disorder tend to cancel out of the ratios of the specular intensity for
the same n taken at two different temperatures.
The comparatively simple physics concerning the electronphonon interaction in alkali ultrathin ﬁlms cannot be straightforwardly extended to other metals such as, for example, lead. The evolution of the HAS specular peak intensity of Pb(111) ultrathin ﬁlms
has been extensively studied as a function of thickness in the layerby-layer growth regime at different temperatures [75,137,138]. Pb
ﬁlms grown on Cu(111) have, in common with the alkali ﬁlms discussed above, the property of being considerably softer than the substrate, which practically restricts the phonon spectrum involved in
electron-phonon interactions to that of the ﬁlm on a rigid substrate
[35]. However the HAS normalized specular intensity of Pb ﬁlms
measured during growth as a function of thickness at three different temperatures shown in Fig. 8a) exhibits, over a range up to about
30 Pb layers, rapid oscillations indicating a bilayer-like growth. These
growth peaks are further modulated by an envelope of longer-period
oscillations, having a length of about 8 layers, which has been convincingly interpreted as due to quantum size effects [75]. The comparatively large interlayer distance contraction affecting the topmost
bilayer [139,140] causes the split-off of a surface phonon branch
above the bulk phonon spectrum. This explains the bilayer growth
mode and suggests that the oscillations of the HAS D-W exponent
essentially depend on those of the top bilayer 2-D electron gas as
induced by phonons of the entire ﬁlm. In this case, an examination
of the logarithmic D-W plots, similar to Figs. 3 and 5 above, using the
three available temperatures of Fig. 8a) indicates that nsat = 9 is a
reasonable approximation.
The choice of nsat = 9 is more clearly shown by examining the
temperature dependence of the specular intensity as a function of
ML number n as in Fig. 9. Shown in Fig. 9a) is the logarithmic tem25
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Fig. 9. Logarithmic temperature dependence (D-W plots) of the specular intensity for bilayer growth of Pb deposited on Cu(111). The three temperature points for each layer are
140, 210 and 250 K as shown in Fig. 8a) and are connected with lines. Each is labeled by the monolayer number, but distinct bilayers are labeled by two ML numbers, e.g., 4/5. a)
Plots for ML numbers less than 10. Also shown is a straight line passing through the experimental points for the n = 1 wetting layer, and this line is the D-W thermal attenuation
from measurements on clean Cu(111) [72,73]. b) Plots for large ML numbers. Only even numbers are given corresponding to the bilayer structure.

tainty in positions of the bilayer peaks at the three measured temperatures.

perature dependence of the specular intensity of each monolayer (or
bilayer) through ML number n = 9. The ML number is shown in the
case of identiﬁable monolayers, otherwise a bilayer peak is identiﬁed
by two ML numbers, such as 4/5. The straight line that appears to
pass through the points associated with the much less distinct wetting monolayer at n = 1 is taken from independent measurements
of the D-W factor for clean Cu(111). ML numbers greater than n = 9
are shown in Fig. 9b). Clearly there is a distinct difference in the D-W
behavior of those peaks with monolayer number n ≤ 9 and those
with larger ML numbers. The data for n < 10 ML are not linear in T,
but show a downward curvature indicative that at higher temperatures the stiffer substrate phonons start contributing, thus increasing the slope. For n ≥ 10 the intensities decrease nearly linearly
with T indicating that the substrate is no longer having an appreciable effect. This alone would suggest nsat = 9, although further support for this value comes from an examination of the incident energy
dependence of the D-W behavior discussed below in connection with
Fig. 10.
The values of 𝜆HAS derived from Eq. (149) for the three temperatures of Fig. 8a) are plotted, as a function of the nominal thickness
layer number n, as ﬁlled diamond points connected by solid lines in
Fig. 8b). Values of the work function are taken from measurements
of 𝜙 as a function of Pb layer thickness n on a Si(111) substrate [141].
Meaningful values start from n = 3, because the ﬁrst monolayer of
Pb on Cu(111) actually plays the role of a wetting layer, and the
second ML ﬁlm is disordered [75,137]. However, the value of 𝜆HAS
extracted from the n = 1 wetting layer is shown as an isolated diamond marked as “wl”. The vertical bar represents the standard deviation uncertainty, and the short horizontal bars indicate the uncer-

6.3. Determination of 𝜆 for Pb overlayers on Cu(111) using dependence
of intensity on incident energy
The form of Eq. (135) above makes it clear that 𝜆HAS can also be
obtained from measurements of the D-W exponent 2Weff (kf , ki , T) at
ﬁxed temperature, but for two different incident energies. However,
such measurements involve varying the temperature of the beam
source chamber, which requires a correction for the change in intensity of the incident beam as a function of energy. For such a measurement at two different energies the e-ph coupling constant 𝜆HAS
is again given by Eq. (148) with the modiﬁcation that the intensity
𝛾
must be corrected by a factor of ki and 𝛼 is replaced by

[

𝛼=

𝛾
𝜙 Δ ln ki I(Eiz , T )

Δ[k2iz ]

a c kB T
𝛾

]

,

(151)

where Δ ln[ki I(Eiz , T )] and Δ[k2iz ] are the differences between the
respective quantities at the two incident energies.
The standard theoretical treatment of a jet beam nozzle expansion ﬂow shows that the beam energy varies inversely as the square
root of the stagnation temperature, implying that the correction factor is simply ki , or 𝛾 = 1 [142]. In a series of measurements of
He atom scattering from Pb overlayers made independently from
the temperature-dependent data shown in Fig. 9 the question of
the energy dependence of the incident beam was experimentally
26
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as upward-pointed triangles connected by dash-dotted lines. Also
shown as ﬁlled circle points are values for thin ﬁlms calculated using
density functional perturbation theory [35]. Older bulk values in the
literature, which range from 1.12 to 1.68 [36,99], are shown as ﬁlled
circles on the right vertical axis of Fig. 8b).
6.4. Chalcogenides and topological surfaces
A number of chalcogenide crystal surfaces, as well as other topological surfaces, have been investigated with He atom scattering.
Those chalcogenides for which the temperature dependence of the
Debye-Waller thermal attenuation has been measured are listed in
Table 5. In most of these systems it was the specular thermal attenuation that was measured. Chalcogenides share the characteristic that
they are layered compounds, and often their electronic properties are
altered by doping to form degenerate semiconductors. The layered
nature of these surfaces suggests that an approach similar to that
used above for multiple layers of alkali metals or Pb can be adapted.
A discussion on the determination of the e-ph coupling constant
for these systems starts from the expression for 𝜆HAS that is obtained
from Eqs. (130) and (131) above, namely

𝜆HAS =

{

𝜙 ln I(T1 )∕I(T2 )

m∗e

2ℏ2  (EF )

{

=

k2iz kB (T1 − T2 )

𝜋 𝜙 ln I(T1 )∕I(T2 )
2ns

}

}

=

ac k2iz kB (T1 − T2 )

𝜋
2ns

(152)

𝛼.

The ﬁnal form on the RHS of Eq. (152) is suggested by the discussion
of layered surfaces in Sec. 6.2 and 𝛼 is identical in form to that of Eq.
(148), while
ns =

Fig. 10. Specular intensity growth curves for Pb deposited on Cu(111) taken at
the same temperature of 100 K and two incident energies. a) Incident wave vector
ki = 5.4 Å−1 , and b) ki = 6.5 Å−1 . The lower abcissa gives deposition time and the
upper abscissa gives ML number. (Reprinted with permission from Ref. [115]. Copyright [2018] American Chemical Society).

𝜋ℏ2  (EF )
m∗e ac

{

; 𝛼 =

𝜙 ln I(T1 )∕I(T2 )
ac k2iz kB (T1 − T2 )

}

.

(153)

The rather simple-looking expression in the second line of the above
Eq. (152) nicely separates the surface electronic properties from the
quantities actually measured in an experiment. The electronic properties expressed in the ratio  (EF )∕m∗e are contained in the dimensionless ns while the usually well-known work function and the
experimentally measured slope of the D-W exponent are contained
in 𝛼 . The physical interpretation of ns becomes that of the number of
layers that are contributing to the e-ph coupling constant at the surface. The problem of determining the correct DOS  (EF ) appropriate
for a particular surface becomes one of determining the number of
layers ns .

addressed by changing the source temperature at constant pressure
[138]. In this case, which was for low energies, the supersonic beam
ﬂux to a good approximation varied inversely in proportion to ki ,
in agreement with the theoretical result. Further discussion on the
dependence of the incident beam on stagnation temperature and
pressure has been presented by Palau et al. [143].
Measurements presented in Fig. 10 of growth curves of Pb on
Cu(111) were made at T = 100 K and two incident energies with
wavevectors of 5.4 and 6.5 Å−1 . These show bilayer growth for ML
numbers signiﬁcantly greater than 10 for the lower energy and
n = 7 for the larger energy [138]. The lower energy data in Fig. 10a)
clearly show that saturation occurs at the ML coverage nsat = 9.
Plotted in Fig. 8b) as downward-pointing triangles are the values of
𝜆HAS extracted from this data using Eq. (151) with the incident beam
energy correction given by 𝛾 = 1. However, because the energy
difference between the two sets of data in Fig. 10 is not large,
this energy correction is small. The values of 𝜆HAS are found to be
in excellent agreement with those obtained from the temperature
dependence at ﬁxed incident energy. In Fig. 8b) the isolated point
at n = 5 marked with a cross (+sign) is from the single measurement of the incident energy dependence of the D-W exponent taken
during the same experiment in which the temperature-dependent
data were obtained [137]. The agreement with the temperaturedependent measurements is quite good. These extracted 𝜆HAS values are compared in Fig. 8b) with previous measured values for
thick ﬁlms of 15–24 layers using angle resolved photoemission spectroscopy (ARPES) which lie in the range 0.7–1.05 [97] as shown

6.4.1. 1D example, topological surface with charge density wave:
Bi(114)
Considered here is the case of the strongly corrugated Bi(114) surface, which acts in a speciﬁc symmetry direction approximately as a
1D electron gas and exhibits a charge density wave (CDW) below its
critical temperature of Tc ≈ 290◦ . Because of the large corrugation
the non-specular diffraction peaks are large, and this example shows
that it is possible to obtain useful information on 𝜆HAS from multiple diffraction peaks and from a CDW peak as observed in the He
atom scattering spectra. The values of 𝜆HAS that are obtained from
the diffraction peaks are nearly identical, and that produced by the
CDW peak is only slightly smaller.
Low-dimensional free electron gases are often characterized by
a CDW instability below a critical temperature Tc , generally induced
by e-ph interaction via the Fröhlich-Peierls [186,187] or the KellyFalicov multivalley mechanisms [188–190]; with the former typically applying to metal surfaces with a CDW wavevector corresponding to some nesting wavevector at the Fermi contours, and the latter more appropriate to semimetal surfaces with pocket states at the
27
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Table 5
The e-ph coupling constant 𝜆HAS for several chalcogenides and pnictogen chalcogenides as determined from the temperature dependence of
the thermal attenuation of elastic specular He atom diffraction. The entries for PtTe2 was evaluated from the dependence on incident angle
of the diffuse elastic peak intensity at a constant temperature of 100 K. Values of 𝜆HAS in parenthesis are calculations without the Beeby
correction. The value of the Beeby correction D used for MoS2 is 13.6 meV [144,145], for Bi2 Se3 (111) it is 6.54 [146], for Bi2 Te3 (111) it is 6.22
[147], and for Bi2 Te2 Se(111) it is 6.4 [148].
k2i
[Å−2 ]

𝜙

𝜆TF

[K]

[eV]

[Å]

𝜆HAS

𝜆

n-Bi2 Se3 (111) [149]

120–300

20.7

4.9 [158]

≈60 [163]

0.23 (0.51)

4.9 [158]

≈100 [164]

0.19 (0.35)

22.0
121

4.9 [158]
5.2 [159]

≈100 [165]
≈11.0 [166]

0.08 (0.14)
0.41 (0.67)

180-280 [155,156]
350-380 [157]

29.2

5.2 [160]

≈10.2 [167]

1.0 [156]
∼0.4 [157]

2H–TaSe2 [152,153]

50–120

137

5.5 [161]

≈10 [153]

0.58

1T-PdTe2 (001) [154]

50–300

121

4.6 [162]

10.6 [154]

0.60

1T-PtTe2 [154]

100

159

4.52 [162]

8.64 [154]

0.46 ± 0.01

0.15 [169], 0.42 [174]
0.25 [171], 0.077 [172]
0.17 [170], 0.26 [173]
0.05 [168]
0.05 [169], 0.19 [170]
0.12 [175]
∼0.1 [176,177]
0.12–0.20 [178]
1.0 [179]
0.69–2.09 [180]
0.38 [181]
0.49 [179]
0.39 [182]
0.59 [183]
0.53 [184]
0.92 [185]

n-Bi2 Te3 (111) [150]
(3 He atoms)
Bi2 Te2 Se(111) [149]
2H–MoS2 (001) [151]

110–355

15.2

120–300
95–450

1T-TaS2 (001) [152,153]

Surface

T range

(other sources)

cation of bismuth as shown in Fig. 11a) is characterized by parallel atomic rows along the x ≡ [110] direction, separated by 7.1 Å in
the normal direction y ≡ [221], with a unit cell including two rows
(b = 14.2 Å) and one atom per row (the atom spacing along the
rows is a = 4.54 Å). At room temperature, the Bi(114) surface is
reconstructed in a (1 × 2) fashion with 3 missing rows out of 4,
so as to have one row per unit cell (b = 28.4 Å) and one atom per
row as shown in Fig. 11a) and b). The electronic structure, calculated
by Wells et al. [195] for the (1 × 1) phase [Fig. 11c), far left panel],
shows cones centered at the X and Y points [Fig. 11c) and d)] at the
Fermi level. Those at Y are folded into Γ in the (1 × 2) reconstructed
phase. Both electronic structures allow for a multivalley CDW via eph interaction, the former with a 2-D character, the latter with a pure
1D character due to the cone alignment along Γ X with a G∕2 spacing. HAS angular distributions along Γ X [61] in Fig. 12a) show the
growth of additional peaks at ± G∕2 and ±3G∕2 below T ≈ 280 K,
indicating the formation of a surface commensurate CDW [61]. The
associated (2 × 2) reconstruction consists of a dimerization along
the rows. The portion of the Bi(114)-(2 × 2) STM image reproduced
in Fig. 11a) from Hofmann et al. [61,86] suggests a phase correlation
between rows, giving an oblique (2 × 2) unit cell and a corresponding elongated hexagonal Brillouin zone (BZ) as illustrated in Fig. 11d).
The HAS D-W exponents for the specular G = (0, 0), diffraction
G = (1, 0), and CDW (3∕2, 0) peaks measured as a function of temperature below Tc are plotted in Fig. 12b). The specular and diffraction D-W exponents have almost the same slopes, the small difference being compensated by the ratio (Δk2iz )(0,0) ∕[Δk2z + ΔK2 ](1,0) ,

Fermi level [191]. The phonon-induced transitions between narrow
pockets (nests) realize what is meant as perfect nesting. Since He
atoms scattered from a conducting surface probe the surface charge
density directly, the occurrence of a CDW below Tc yields additional
T-dependent diffraction peaks in the elastic scattering angular distribution at parallel wavevector transfers ΔK = |ΔK| equal or close
to the nesting vectors Qc . Recall that for the elementary 1D Peierls
mechanism the nesting vector is Qc = 2kF . The high sensitivity of
HAS permits the detection of weak surface CDWs that would be difﬁcult to detect with other methods. Thus the comparison of diffraction intensities with that of the CDW can help answer the interesting question of whether the temperature dependence of the CDW
diffraction peaks carries additional information on the e-ph interaction which sustains the CDW transition.
When considering the temperature dependence of a diffraction
peak intensity for a wavevector transfer ΔK equal to either a Gvector of the unreconstructed surface lattice (ΔK = G), or to a CDW
wavevector Qc , the D-W exponent also involves the longitudinal
mean-square phonon displacement. For an isotropic mean-square
displacement, Eqs. (140) and (143) also can be applied to diffraction
peaks other than specular by replacing 4k2iz with Δk2z + ΔK2 , calculated at the actual scattering geometry at which the diffraction peak
is observed. In most HAS experiments the condition ΔK2 ≪ Δk2z
holds, so little difference is expected between the T-dependence of
the diffraction and specular peaks, provided 𝜆HAS is independent, as
it should be, of the scattering channel chosen in the experiment.
There is, however, a caveat for the use of a CDW diffraction intensity ICDW (T). It has been assumed implicitly that the D-W exponent
2W(T) includes all the temperature dependence of I(T) and that this
originates exclusively from thermal vibrations. This is clearly not
true for the diffraction from a surface CDW which forms below Tc
from a Fermi surface instability and has the temperature-dependent
population of electron states near the Fermi level obeying Fermi
statistics. In this case I0 has an implicit dependence on T, which generally is negligible with respect to that of 2W(T), except near Tc ; there
√
its square root I0 behaves as an order parameter [192,193], and
vanishes for increasing T → Tc as (1 − T ∕Tc )𝛽 , where 𝛽 is the orderparameter critical exponent. Typically 𝛽 = 1∕3 [61,180,194], and
Tc ≈ 280 K in the present case [61].
Bi(114) provides a good 1DEG example showing that a CDW
diffraction peak also may be used to extract 𝜆HAS , provided that the
temperature is away from the critical region. The ideal (114) trun-

within less than 1%. The
resulting in the same values of 𝜆1D
HAS
input data in Eq. (140) for dimension d = 1 are 𝜙 = 4.23 eV
[78], 2kF = G∕2 = 0.7 Å−1 , r0 (2 × 2) = 9.08 Å, incident energy
Ei = 14.5 meV, and a ﬁxed scattering angle of 91.5◦ , so that

(Δk2iz )(0,0) = 54.3 Å−2 . The (1, 0) diffraction occurs at the incident
angle of 51.2◦ , which gives (Δk2iz )(1,0) = 53.8 Å−2 , and the resulting

e-ph coupling constant is 𝜆HAS = 0.45 ± 0.03. Within the margin of
error, the value is the same for both specular and diffractive channels.
The CDW (3∕2, 0) peak intensity exhibited in Fig. 12b) shows
(1D)
the expected critical behavior with 𝛽 ≅ 1∕3, but a value of 𝜆HAS
can be estimated from the nearly linear slope at the lowest temperatures measured far from the critical point. This value is smaller
(1D)
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Fig. 11. a) The Bi(114) surface is characterized by parallel atomic rows due to a (1 × 2) surface reconstruction as visualised in STM images [153,195]. b) A side view of the ideal
(114) truncation of bismuth (including the red dashed circles) and the actual (1 × 2) surface reconstruction (circles removed), giving rise to the parallel atomic rows with an
inter-row distance of 28.4 Å and an interatomic distance of 4.54 Å. The corresponding (1 × 2) electronic structure c) is schematically represented as a folding of the calculated
electronic structure [195] for the truncated Bi(114) (1 × 1) surface, with the corresponding surface BZ shown in d). In particular, the cones of electronic states occurring at the
Fermi level at the X and Y symmetry points turn out to be aligned in the ΓX direction after the (1 × 2) folding [panel d)]. It allows for a multivalley 1D CDW instability along the
rows leading to a (2 × 2) dimerization below ≈280 K and a corresponding CDW observed with HAS [61]. The (2 × 2) surface portion reproduced in a) [195] shows a 𝜋 -dephasing
of two adjacent rows so as to give a rhombohedric cell, with the corresponding BZ shown in d) [153]. (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the Web version of this article.)

Fig. 12. Helium atom scattering data from Bi(114): a) HAS angular distributions for several different temperatures, ranging from 113 to 273 K as marked, showing both diffraction
peaks of the (2 × 1) reconstruction and the appearance of the CDW feature according to a (2 × 2) superstructure [61]. b) The temperature dependence of the (3∕2, 0) CDW peak
(left ordinate scale) and of the (0, 0) (specular) and (1, 0) (diffraction) peak D-W exponents referred to the lowest temperature measured, T = 113 K. c) The D-W exponents of the
Bi(114) and Bi(111) specular peaks, when divided by the respective squared perpendicular wavevector transfers, show similar slopes but lead to different e-ph coupling strengths.

in fair agreement with a recent ab-initio calculation by Ortigzoa et al.
for Bi(111) [94] which yielded 𝜆 = 0.45, the same value found here
for Bi(114). As seen in Fig. 12c), the D-W exponent has about the
same slope for Bi(111) and Bi(114), when the slopes are normalized
by k2iz , in order to account for the different incident energies used

than that obtained from the specular peak by ∼5% and is compensated for approximately the same amount by the correcting factor (Δk2iz )(0,0) ∕[Δk2z + ΔK2 ](3∕2,0) = 1.047, the incident angle for the

CDW peak at (3∕2, 0) being 62.75◦ . Thus it is reasonable to con(1D)
clude that consistent values of 𝜆HAS can be extracted from the Tdependence of the CDW peaks.
(1D)
It is interesting to compare the value 𝜆HAS = 0.45 for Bi(114) to
that previously derived for Bi(111), either treated as a 3-D system
(3D)
or as a 2-D bilayer. The 3-D result is 𝜆HAS = 0.57 [46], in agreement
with the value of 𝜆 = 0.60 in Hofmann’s review [86]. Treated as a 2(2D)
D system with ns = 2 (a single bilayer) it is found that 𝜆HAS = 0.40,

in HAS experiments. The fact that 𝜆HAS [Bi(114)] < 𝜆HAS [Bi(111)]
reﬂects the dimensionality effect of 𝛾 d , in the prefactor of Eq. (140).
Incidentally, we note that treating Bi(114) as a 2-D system would
yield a ﬁve times smaller, and surely unphysical, value for 𝜆HAS due
to the large surface unit cell area.
(1D)
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Fig. 13. Three different Bi chalcogenides Bi2 Se3 , Bi2 Te3 and Bi2 Te2 Se: a) ARPES data for the (111) surface of three Bi chalcogenides with decreasing binding energy of the Dirac
point (D) and of the surface conduction-band minimum (from 0.15 eV in Bi2 Se3 [208] to 0.08 eV in Bi2 Te3 [209] and ≈0 in Bi2 Te2 Se [210]. b) The D-W exponent slopes from HAS

specular intensity measured as functions of temperature with the scattering plane in the ΓM direction for the same samples. The corresponding e-ph coupling constants 𝜆HAS
decrease from Bi2 Se3 (111) to Bi2 Te2 Se(111), suggesting a dominant role in the e-ph interaction of the conduction band quantum-well electronic states over the Dirac electrons
[153].

Their optical character and largest amplitude at the central chalcogen layer of the quintuple layer endow these modes with a dipolar
character and therefore a large e-ph interaction, consistent with the
Heid et al. theoretical analysis [169]. Spin-echo 3 He scattering data
from Bi2 Te3 (111) [203] suggest a Kohn anomaly also in the longitudinal acoustic branch corresponding to a nesting across the Dirac cone
above the surface conduction-band minimum. As discussed in Ref.
[169], the interband e-ph coupling occurring when the Fermi level is
above the surface conduction-band minimum is enhanced largely by
the involvement of surface quantum-well states. This conclusion is
(2D)
conﬁrmed by the following analysis of 𝜆HAS in Bi chalcogenides as a
function of the Fermi level position.
The temperature dependence of HAS specular reﬂectivity from
the three Bi chalcogenide surfaces Bi2 Se3 (111), Bi2 Te3 (111), and
Bi2 Te3−x Sex (111) (phase II with x ≈ 1 [206,207]), hereafter approximated by Bi2 Te2 Se(111)) has been measured for three samples
whose surface electronic states near the Fermi level, in particular the topological Dirac states and the quantum-well states above
the surface conduction-band minimum, are known from ARPES data
[163,208–210]. As seen in Fig. 13 (top panel), the binding energy of
the Dirac point (D) with respect to the Fermi energy EF decreases
in the sequence Bi2 Se3 (111), Bi2 Te3 (111), Bi2 Te2 Se(111), as does the
surface conduction-band minimum (from 0.15 eV, to 0.08 eV and
≈0, respectively). Correspondingly, the D-W exponent slope derived
from the HAS specular intensity as a function of temperature also
decreases. Similar behavior is expected for the e-ph coupling con-

6.4.2. Pnictogen chalcogenides
Layered chalcogenides, such as 2-D topological materials, with
strong intralayer and weak interlayer forces form a wide class
of quasi-2D materials with a conducting surface. Some transitionmetal dichalcogenides (TMDC) have been investigated with HAS
since the late eighties in connection with CDW transitions, related
Kohn anomalies in the bulk, and surface phonon dispersion curves
[196–200]. More recently, HAS studies have been extended to the
surface of other TMDCs such as 2H–MoS2 (0001) [151] and 1T-PtTe2
[201], as well as to pnictogen chalcogenides with surface topological electronic bands at the Fermi level, such as Bi2 Te3 [150,202,203],
Bi2 Se3 [204,205] and Bi2 Te2 Se. These latter three will be considered
in more detail here. The 2-D expression for the e-ph coupling con(2D)
stant 𝜆HAS in Eq. (143) is the one to be used for these systems. When
dealing with the e-ph coupling constant 𝜆HAS expressed as an average over the whole phonon spectrum and over all electronic transitions across the Fermi level, natural questions are: a) which phonons
contribute most, and b) which electronic states at the Fermi level are
more important, and these questions are addressed here.
The theoretical analysis by Heid et al. [169] of the mode-selected
e-ph coupling constants 𝜆Q,𝜈 shows that in pnictogen chalcogenides,
optical phonons give the major contribution to e-ph interaction,
and consequently also to the D-W exponent. Both Bi2 Se3 (111) [205]
and Bi2 Te3 (111) [203] exhibit two highly dispersed optical branches
with deep minima at Γ for 3rd-layer longitudinal polarization and
at ≈Γ M∕2 for (mostly) 3rd-layer shear-vertical (SV3) polarization.
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stant 𝜆HAS , which is shown in Table 5. These values are derived
from Eq. (143) and (152) by setting ns = 2𝜆TF ∕c0 , where c0 is the
quintuple layer (QL) thickness and 𝜆TF is the Thomas-Fermi screening length, accounting for the surface band-bending extension in
degenerate semiconductors and semimetals [211]. The factor 2 in
the expression for ns accounts for the fact that each QL contains
two metal (Bi) layers. Note that the Fermi-level density of states
includes the factor 2 for spin multiplicity, and this is appropriate for
the quantum-well states above the surface conduction-band mini(2D)
mum that mostly contribute to 𝜆HAS . No factor of 2 in ns is necessary
when only the Dirac states are involved, due to their multiplicity of 1.
The error uncertainties given for 𝜆HAS in the following are based on
the conﬁdence bounds of the D-W slope. Other sources in terms of
the uncertainty are ac , 𝜙 and 𝜆TF with the largest contribution likely
to be due to 𝜆TF . Taken together it is safe to assume a relative uncertainty of about 10% for 𝜆HAS as shown in Table 5.
With the input data collected in Table 5 and the D-W exponent
slopes displayed in the bottom panel of Fig. 13 values evaluated
(2D)
are 𝜆HAS = 0.23 ± 0.01 for Bi2 Se3 (111), 0.19 ± 0.01 for Bi2 Te3 (111),
and 0.080 ± 0.004 for Bi2 Te2 Se(111), in good agreement with
selected results from other sources shown in the last column of
Table 5. This clearly indicates the dominant role of surface quantum
well (QW) states over the modest contribution of Dirac electrons.
The enhancement effect of QW states and related interband transitions has been investigated experimentally by Chen et al. [175] with
high resolution ARPES for the family Bi2 Te3−x Sex (111) (0 ≤ x ≤ 3),
including n-type Bi2 Te3 (111), and theoretically for Bi2 Se3 (111) and
Bi2 Te3 (111) by Heid et al. [169] As shown by Pan et al. [172] in accurate ARPES studies on bulk Bi2 Se3 (111) samples, where only Dirac
topological states are involved because the Fermi level is less than
0.3 eV above the Dirac point, the e-ph coupling constant turns out to
be quite small, ranging from 0.076 ± 0.007 to 0.088 ± 0.009, similar to that found with HAS in Bi2 Te2 Se(111) under similar conditions.
Since the surface QW states extend into the bulk on the order of
𝜆TF , i.e., much farther than the penetration of surface Dirac states, it

the source-to-detector angle ﬁxed. Thus in this case the value of 𝛼
in Eq. (152) must be modiﬁed to account for the correct wave vector difference, i.e., k2iz → Δk2 ∕4 = (kf − ki )2 ∕4. The details of using
the angular dependence to determine 𝜆HAS are explained below in
Sec. 6.5. In each case shown in Table 5, with reasonable choices for
ns determined using parameters taken from the literature, results for
𝜆HAS compare quite acceptably with values of 𝜆 for the bulk crystals
determined from other sources, which may be either measurements
or calculations.

(2D)

6.5. Determining 𝜆 from incident angle dependence of elastic
intensities
It is clear from the discussion of the elastic scattering intensity
in Eqs. (10) and (31) that the elastic contribution to the differential reﬂection coeﬃcient (angular distribution) for given incident and
ﬁnal angles can be expressed in terms of the transition matrix and
effective Debye-Waller factor according to
d2 Relas (kf , ki , T )
dΩf

| 0 |2 −2W eff (k ,k ,T )
|T
|
f i
,
| kf ,ki | e
|
|
|

|2

|

|

where the squared transition matrix ||Tk0 ,k ||
f i

(154)

describes the scat-

tered intensity from the corresponding frozen surface and the factor kiz = ki cos 𝜃 i arises from normalizing to the incident ﬂux. This
expression is valid for the entire elastic contribution to the angular
distribution, e.g., it describes the intensity observed at the diffraction peak positions as well as the diffuse elastic scattering between
diffraction peaks. For determining the coeﬃcient 𝜆 from experimental data for elastic scattering in which the incident energy and temperature are held ﬁxed but the incident and ﬁnal angles may be varied, it is of interest to consider the following quantity, which is the
intensity with the ﬂux normalization removed, i.e.,

is interesting to compare the above results for 𝜆HAS with the cor(2D)

 (kf , ki , T ) = cos 𝜃i

(3D)

responding values of 𝜆HAS when these materials are treated as 3-

D materials. The ratio 𝜆HAS ∕𝜆HAS = 𝜋 ∕(kF 𝜆TF ), with kF ≃ 0.1Å-1 as
seen in Fig. 13 (top), and 𝜆TF representing the 3DEG thickness, turns
out to be ≃ 1.
Unlike Bi(114), where the quasi-1D character of the electron gas
is quite evident, in layered pnictogen chalcogenides the consider(2D)
(3D)
able penetration of the QW states gives 𝜆HAS ≃ 𝜆HAS . This is consistent with the fact that the QW states are the surface states which
provide the major contribution to the e-ph interaction. Information
about which phonons contribute most to 𝜆 can also be obtained from
inelastic HAS intensities, as suggested above. The Kohn anomalies
reported in the lower part of the phonon spectrum [202–204] are
indicative of a strong e-ph coupling for speciﬁc wavevectors and frequencies, though it has been predicted that the major contribution
in these materials comes from polar optical modes [169]. Indeed this
is in agreement with recent HAS measurements of the phonon dispersion curves in Bi2 Se3 (111) [205], which indicate the longitudinal optical branch L3 (with the largest displacement on the 3rd (Se)
atomic plane) as the one having the largest mode-selective e-ph coupling.
A number of additional chalcogenide surfaces have been investigated and those for which the thermal attenuation measurements
yield an estimate of the e-ph coupling constant are listed in Table 5
together with the relevant experimental parameters and references.
The entry for PtTe2 differs from the others in that the elastic peak that
was measured was not the specular, but was the off-specular diffuse
elastic peak measured at a constant temperature of 100 K. The experimental parameter that was varied was the incident angle, keeping
(3D)

m2 |ki |
kiz

∝

(2D)

d2 Relas (kf , ki , T )
dΩf

.

(155)

The ratio of  (kf , ki , T ) at two different sets of angles (𝜃 i , 𝜃 f ) and

(𝜃i′ , 𝜃f′ ) is

|
|2
| 0 |
|T ′ ′ |
| kf ,ki | −2W eff (k′ ,k′ ,T ) +
 (kf , ki , T )
| e
f i
= |
| 0 |2
 ( kf , ki , T )
|T
|
| kf ,ki |
|
|
′

′

2W eff (kf ,ki ,T )

,

(156)

where elastic scattering implies |k′f | = |k′i | = |kf | = |ki | = ki . Taking
the logarithm of both sides of Eq. (135) leads to

{
ln

 (k′f , k′i , T )
 ( kf , ki , T )

}

⎧|
|⎫
⎪ ||T 0′ ′ || ⎪
|
k
,
k
⎪ f i || ⎪
eff
= 2 ln ⎨ ||
| ⎬ + 2W (kf , ki , T )
0
|
|
⎪ |T
|⎪
⎪ | kf ,ki | ⎪
⎩
⎭

− 2W eff (k′f , k′i , T ).

(157)

From Eqs. (130) and (132) and the discussion in Subsection 6.4 the
effective Debye-Waller exponent 2Weff can be written, if the temperature T is comparable to or larger than the Debye temperature ΘD , as
2W eff (kf , ki , T ) = ns

ac
Δk2 kB T 𝜆 ,
2𝜋𝜙

(158)

where, as before in Eq. (153), ns = 𝜋ℏ2  (EF )∕m∗e ac is the relevant
saturation layer number. The logarithmic ratio of Eq. (157) thus
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surement for bulk crystalline Cu of 0.093 [98].
A second interesting system for which experimental data has
become available is the chalcogenide 1T-PtTe2 (0001 [154]. In this
case the data consists of the diffuse elastic peak intensity as a function of incident angle from 𝜃 i = 36.5◦ –34.5◦ in a conﬁguration
with a ﬁxed angle of 90◦ between source and detector making for
the specular position at 𝜃 i = 45◦ . The temperature was 100 K and
incident energy was 83 meV (ki = 12.62 Å−1 ). For PtTe2 (0001) the
work function is 𝜙 = 4.52 eV [162] and with ns = 2 these data,
using Eq. (159) and ignoring the ﬁrst term on the RHS, gives a value
𝜆HAS = 0.46, as shown in Table 5. This value is to be compared with
a recent measurement of 0.92 [185].
Fig. 14. Logarithmic plot of the specular intensity as a function of incident angle for He
atom scattering from Cu(111) at three different temperatures as marked. The incident
energy is 63 meV. Data from Ref. [73].

6.6. More on metals using energy-dependent specular intensities
In addition to the system of Pb layers on a Cu(111) substrate discussed above in Sec. 6.3 there are three other systems for which
𝜆HAS can be determined from available measurements of the specular intensity as a function of incident energy. These are Mo (001),
Nb(001) and small numbers of layers of fcc-Fe grown on a Cu(001)
substrate. These, along with the relevant references to the source of
experimental data are listed in Table 6. Following the approach used
in Sections 6.3 and 6.4 the mass correction factor is determined from
𝜆HAS = 𝜋𝛼∕(2ns ) where ns = 𝜋ℏ2  (EF )∕(m∗e ac ) and similar to Eq.
(148) above

becomes an expression from which 𝜆 can be extracted

{
ln

 ( kf , ki , T )
′

′

}

 (kf , ki , T )

⎧|
|⎫
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2
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+
n
Δ
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−
Δ
k
kB T 𝜆.
⎬
s
|
2𝜋𝜙
⎪ ||T 0 || ⎪
kf ,ki
⎪|
|⎪
⎩
⎭

𝛼 =

(159)
Under many circumstances, particularly if the two sets of angles are
not too widely separated, the ﬁrst term on the right hand side of Eq.
(159) is small and can be neglected compared to the second term.
A case in point is the set of measurements for the specular intensity of He atom scattering from Cu(111) shown in Fig. 14 [73]. The
logarithmic specular intensity is shown as a function of incident
angle for the three different temperatures of 420, 570 and 720 K over
a range of nearly 20◦ from 𝜃 i = 47◦ –66◦ . For the specular peak the
squared momentum difference is simply Δk2 = (2kiz )2 = 4k2i cos2 𝜃i .

ln

 (k′f , k′i , T )
 (kf , ki , T )

}

[

≈ 2ns

a c kB T

Δ[k2iz ]

,

𝛾

respective quantitatives at two different energies and ki is the factor
that accounts for the energy-dependent correction for the incident
beam ﬂux.
The data for Mo (001) were taken at two distinct temperatures,
100 and 200 K, and for each case the incident beam energy range
was from about 10 to 70 meV [212]. An evaluation of the effective
layer number using parameters from the literature suggests that the
optimum value is ns = 6 which leads to 𝜆HAS = 0.44 at the lower
temperature and 𝜆HAS = 0.40 at the higher temperature. This is to
be compared with the accepted bulk value of 0.42 [99].
For Nb(001) [213] the temperature was 300 K and measurements
over an energy range of 22–36 meV, and an analysis similar to that
for Mo, lead to ns = 2 and 𝜆HAS = 0.89. The standard bulk value for
Nb is 1.12 [99].
A much more extensive set of data is available for multiple monolayers of iron deposited on a Cu(001) substrate [214]. Measurements
were made only at ambient temperature (T = 300 K), but over an
incident energy range from 25 to 57 meV and the monolayer number
ranged from 1 to 16. Fe is known to initially deposit on Cu(001) with
fcc ordering, while somewhere at or above 16 ML there is a transition to the native bcc structure. From this data, calculations of both
𝛼 and 𝜆HAS using Eq. (161) with ns = 3 are shown in Fig. 15 over the

(160)

Using the 2-D formula ns = 2𝜋 ∕ac k2F with kF = 0.25 Å−1 [82]
the data in Fig. 14 gives a value of 𝜆HAS = 0.085 at 720 K and
𝜆HAS = 0.090 at 420 K. This compares favorably with the value of
𝜆HAS = 0.083 obtained from other independent measurements of
the temperature dependence shown in Table 2 and a recent mea-

Table 6
The e-ph coupling constant 𝜆HAS as determined from energy-dependent attenuation of He atom
scattering intensities for some metal systems.
Surface
Mo (001) [212]
Nb(001) [213]
fcc-Fe/Cu(001) [214]
3–8 ML
Ru (0001) [128]

(161)

𝛾

]

ac
cos2 𝜃i − cos2 𝜃i′ k2i kB T 𝜆.
2𝜋𝜙

Δ ln[ki I(Eiz , T )]

recalling that Δ ln[ki I(Eiz , T )] and Δ[k2iz ] are the differences in the

A plot of cos2 𝜃 i over the 20◦ range of Fig. 14 is very nearly linear,
thus the linearity of all three sets of data shown there implies that
the ﬁrst term on the RHS of Eq. (159) is small, i.e., the scattering form
factor or squared transition matrix is nearly constant, thus this term
may be ignored. Eq. (159) now becomes simply

{

𝛾

𝜙

𝜙

ns

𝜆HAS

T
[ K]

Ei range
[meV]

100
200
300
300

10–70
23–73
22–36
25–57

4.53 [78]

6

4.02 [78]
4.67 [78]

2
3

0.44
0.40
0.89
0.35

200

10–97

4.71 [78]

2

0.33

[eV]

32

𝜆
(other sources)
0.42 [99]
1.12 [99]
0.34 [110]
0.4 ± 0.1 [36]
0.45 [99]
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6.7. Graphite and graphene on metal substrates
There are three independent measurements of the temperature dependence of the specular peak for He atom scattering from
graphite, and it is useful to compare these with a substantial number of measurements of single-layer graphene supported on various
metal substrates. References to the measurements and values of 𝜆HAS
extracted from these measurements appear in Table 7. Two different models have been used to calculate the values of 𝜆HAS appearing
in Table 7. The ﬁrst model is the form found in Eq. (153) and used
for the systems discussed up to now, using the dimensionless number ns = 6 as explained in the paragraph below. The second model
is motivated by the fact that high energy optical phonon modes are
known to contribute an important role in the value of the e-ph coupling constant for graphite and graphene. This second model is based
on using an Einstein phonon distribution to represent the optical
modes and is explained below.
In the case of graphene supported on metals there is a certain
amount of charge transfer to and from the Dirac cones, depending on
the relative difference between the work function of graphene and
that of the substrate. The work function of self-standing graphene
is 4.5 eV, smaller than those of the metal surfaces considered here
[226]. Therefore they should all act as acceptors. ARPES data show,
however, that Ir (111) (H. Vita et al.) [227], Pt (111) (P. Sutter et
al.) [228], and Ni(111) (A. Alattis et al.) [229], act as acceptors with
respect to graphene, whereas Ru (0001) (Katsiev et al.) [230], and
Cu(111) (Walter et al.) [231] act as donors. Previous HAS studies have
provided evidence that the tail of the substrate electron charge density, at least on Gr/Ru (0001), actually extends beyond the graphene
[232]. Thus the substrate surface work function is adopted for use
in Eq. (153), its role is to account for the steepness of the Hesurface repulsive potential within the Wentzel-Karmers-Brillouin
(WKB) approximation [46]. In either electron or hole doping each
Dirac cone contributes a DOS at the Fermi level,  (EF ) = ac kF ∕𝜋ℏvF
[233], with kF the Fermi wavevector referred to a K-point of the surface Brillouin zone (SBZ), and vF the Fermi velocity. Identifying m∗e
with the cyclotron effective mass for doped graphene m∗e = ℏkF ∕vF
[234], gives ns = 1 for a single Dirac cone. Only one third of a given
cone is within the SBZ, but diametric electron transitions at the Fermi
level connect points in neighboring SBZs, these are equivalent to
umklapp transitions with G vectors in the ΓM directions between dif-

Fig. 15. Graph of 𝜆 (right scale) and 𝛼 (left scale) as a function of monolayer number n
for multiple layers of Fe on a Cu(001) substrate. The saturation layer number ns = 3
is denoted by a vertical line. The phase transition from fcc structure at small layer
number to bcc occurs at or just after n = 16. Data from Ref. [214].

range of 3–16 monolayers. For ML number less than 3 the data, as
a function of deposition rate, does not give clearly distinct features
from which 𝛼 can be extracted, but for ML numbers of 3 or larger,
a clear and distinct pattern emerges indicating that the saturation
to the fcc structure occurs at ns = 3. In Fig. 15 the calculations taking ns = nsat = 3 for both 𝛼 (left scale) and 𝜆HAS (right scale) are
shown for the measured data with ML numbers 3–8 as well as 15
and 16. The average of 𝜆HAS values over 3–8 ML is about 0.35 which
favorably compares to the accepted calculated bulk value of 0.34 as
determined from electrical resistivity [110]. At ML numbers of 15 and
16 there is a signiﬁcant drop in the value of 𝜆HAS exhibited in Fig. 15
and this is surely the result of approaching the known phase transition from fcc to native bcc structure that occurs somewhere at or
above ML number 16.

Table 7
The e-ph coupling constants 𝜆HAS obtained from atom scattering data for HOPG and single-layer graphene adsorbed on metal crystal substrates are
shown in the columns marked as 𝜆HAS for the two calculational models. All measurements were done with ordinary HAS, except where otherwise
noted in the ﬁrst column. All values of 𝜆HAS for Gr/metals were derived using ns = 6, and are calculated using the unit cell area ac of the metal
substrate. The column marked as “𝜆HAS ∕substrate” gives the values determined for the clean metal substrate surface. (Values of other parameters
showing no error indication are taken from the literature, where possible error sources are discussed [36,78,98,99,110,113].) A theoretical calculation
by Park et al. produces a value of up to 𝜆 = 0.21 for single-layer free-standing graphene, depending on doping level [215].
Surface

T
[ K]

Ei
[meV]

(Neon atoms)
Gr/Ir (111)

150-400 [129,216]
250-360 [217]
400-500 [217]
300-360 [220]
200-400 [129,218]
200-700 [219]
100-200 [218]
300-400 [220]
200-600 [221]
90-150 [128]
100-500 [129]

63
69
69
63
66
8
66
67
32
43
17.5

Gr/Rh (111)

150-450 [222]

Gr/Pt (111)
Gr/Cu(111)

300-400 [220]
100-300 [129]

19.3
63
67
28

C (0001)

Gr/Ni(111)
(3 He atoms)
(Neon atoms)
Gr/Ru (0001)

𝜙

𝛼

𝜆HAS

𝜆HAS

𝜆HAS

Eq. (153)

Eq. (162)

substrate

1.70
1.41
0.76
1.76
0.71
0.69
0.58
0.44
0.38
0.58
1.88

0.41
0.37
0.20
0.46
0.19
0.16
0.16
0.14
0.15
0.18
0.54

0.12
0.12
0.09
0.16
0.06
0.08
(0.3)
0.05
0.06
(0.02)
0.17

1.65
1.16
1.53
2.56

0.43
0.31
0.54
0.69

0.14
0.10
0.20
0.22

[eV]
4.5 [223]

5.35 [78]

4.71 [78]

5.76 [78]
4.98 [78]
5.70 [78]
4.98 [78]

33

𝜆 (substrate bulk values)
0.70 ± 0.08 [224]
0.034–0.28 [215]
≤0.20 [225]

0.56
0.36

0.3, 0.7 [110]

0.44
0.33
0.39
0.30

0.45 [99]
0.4 [36]

0.083

0.41 [110], 0.34 [113]
0.50 [99]
0.41, 0.51 [110]
0.66 [110]
0.093 [98],0.13 [99]
0.1 [36]
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and (163) is more appropriate.
A value of 160 meV will be used for 𝜔0 , as calculated by Calandra and Mauri for the optical modes of supported graphene around
the K-point of the surface Brillouin zone, i.e., the ones which mostly
sustain multivalley coupling [236]. The high-T approximation of
Eq. (153), currently used in the analysis of soft materials, probably
implies a substantial overestimation of 𝜆HAS , whereas the Einstein
approximation of Eq. (163) for hard materials at comparatively low
temperature should produce better agreement with the existing estimations of 𝜆 from various other methods.

ferent cone thirds inside the SBZ (umklapp intervalley transitions).
With the inclusion of such transitions, ns = 6 is the appropriate
value.
Note that these transitions couple to phonons near the zone center and give a rather small contribution to 𝜆. A thorough ARPES
study by Fedorov et al. of graphene on Au (111), doped with alkali
and Ca donor impurities, and electron concentrations ranging from
2 · 1014 (for Cs) to 5 · 1014 electrons/cm2 (for Ca), shows that the
largest contribution to 𝜆 is due to phonons near the zone boundaries KMK’ [235]. The derived Eliashberg function, which gives the
e-ph-weighed phonon DOS projected onto the impurity coordinates
exhibits resonances with graphene phonons whose wavevectors
arguably correspond to good Fermi surface nestings. The fact that the
separation between the ZA and the optical phonon peaks increases
with doping from that for Cs, near the K-point, to the one at smaller
wavevectors for the largest Ca doping suggests that the e-ph coupling is mostly due to KK’ intervalley transitions, either direct along
the six edges (thus counting 3) or umklapp along the three long diagonals. First principle calculations by Park et al. appear to conﬁrm
the role of these transitions [215]. This is the intervalley e-ph coupling mechanism introduced by Kelly and Falicov in the 1970s for
charge density wave transitions in semiconductor surface inversion
layers [188–190]. In this case ns = 6 enumerates the different nesting conditions that contribute to the e-ph coupling strength 𝜆, and
is adopted here for both graphene and graphite, independently of
whether they are electron- or hole-doped.
In addition to the work of Federof et al. discussed above [235],
Calandra and Mauri have shown that three optical branches with relatively large energy of around 160 meV, located at the Q points of the
Dirac cones, make the major contributions to the total e-ph interaction in supported graphene [236]. This agrees with the Eliashberg
function for quasi-free standing K-doped graphene on Au reported
by Haberer et al. from an ARPES analysis [237], which is concentrated
in the optical region between 150 and 200 meV in both the Γ K and
K M directions (in the latter case with minor contributions from the
acoustic modes). Since all available HAS measurements have been
carried out with values of kB T well beneath the optical phonon energies, Eq. (153) should be rewritten in a form that includes full temperature dependence, which can be done upon assuming that all the
optical modes are of the same frequency 𝜔0 . Starting from Eq. (128)
the result is expressed in a form quite similar to Eq. (153), but with a
different deﬁnition for 𝛼

𝜆HAS =

𝜋
2ns

𝛼; 𝛼 ≡

𝜙 ln[I0 ∕I(T )]
ac k2iz ℏ𝜔0

{

nBE (𝜔0 , T ) +

1
2

} .

6.7.1. Graphite
First graphite will be discussed and afterwards we compare with
single-layer graphene supported on ordered metal substrates. Clean
graphite C (0001) presents a weakly corrugated surface potential to
He atom scattering which means that the specular peak is the dominant elastic scattering feature. The thermal attenuation of C (0001)
has been measured by three independent groups over temperatures
ranging from below 150 K–500 K [129,216,217,220]. As is apparent
from the graphs of the D-W exponent in Fig. 16a), measured for
graphite as a function of T by Oh et al. [216] and by Vollmer [217], the
slope is essentially linear at lower temperature up to about 350 K.
The slopes of the different measurements, and using ns = 6, provide the values of 𝜆HAS listed in Table 7 together with the input
parameters and the respective references. The average over the available data for graphite calculated from the high temperature formula
of Eq. (153) is 𝜆HAS = 0.36 ± 0.09 (0.41 ± 0.04 below 400 K) or,
from Eq. (162) (Einstein model at the average experimental temperature) 𝜆HAS = 0.12 ± 0.03 (0.13 ± 0.02 below 400 K). In general,
the experimental error indicated comes from the slopes of the DW plots, because uncertainties in other parameters extracted from
the literature are not always given. Our estimation is that the overall
uncertainty on 𝜆HAS is around 15% or less.
As is evident in Fig. 16a), for graphite above 400 K the slope of
2W(T) clearly decreases, apparently tending to a value about a factor of roughly 2 smaller at high temperature, and 𝜆HAS takes the values 0.20 from Eqs. (153) and (0.09) from Eq. (162). With the highT formula the reduction with respect to data below 400 K is by a
factor 2, while with the Einstein model the reduction is about 40%.
Thus the slope reduction at higher temperature is not due entirely

(162)

In the high temperature limit Eq. (162) coincides with Eq. (153),
while in the low temperature limit kB T ≪ ℏ𝜔0 it is again independent of T and given by

𝜆HAS =

𝜋 𝜙 ln[I0 ∕I(0)]
.
ac k2iz ℏ𝜔0

ns

(163)

Since kB T < ℏ𝜔0 the above will give values of 𝜆HAS that are smaller
than that of Eq. (153). Note, however, that the density of states  (EF )
is unaffected by this Einstein mode approximation, thus the appropriate choice remains ns = 6.
The high temperature harmonic approximation for 𝜆HAS of Eq.
(153) is valid when the average phonon energy sampled by the eph interaction is smaller than kB T over the temperatures at which
the D-W exponent is measured. In general this condition is met for
soft materials such as simple metals. On the other hand, one could
call hard materials those for which high energy optical phonons are
the dominant contributors to the e-ph interaction. Representative of
such hard materials are the supported graphene systems considered
here, and the single optical frequency approximation of Eqs. (162)

Fig. 16. a) The normalized specular HAS intensity in log scale (proportional to the D-W
exponent) as a function of temperature for several systems of single-layer graphene
supported on metal substrates (full symbols, deﬁned in panel b)), together with similar
data for the clean metals (open symbols). Also shown are the data for highly oriented
pyrolytic graphite (HOPG) at low (full hexagons [129]) and high temperature (open
hexagons [217]). b) The ZA mode frequency at Q = 0 for HOPG and all the Gr/metal
systems shown in panel b). The data are from Ref. [129] with some adjustment as
explained in the text.
34
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to the different approximations, but is to a large extent an intrinsic
effect. This behavior is probably the consequence of the gradual transition of graphite from negative to positive in-plane thermal expansion, occurring at ∼500 K [238,239]. A bond contraction, such as that
produced by an external pressure, generally yields a larger 𝜆, while
a dilation implies a smaller 𝜆. This may explain the transition with
temperature from a larger to a smaller 𝜆HAS observed in graphite.
Interestingly, this is not observed in graphene, where the in-plane
thermal expansion is predicted to remain negative up to a considerably larger temperature, well above the temperature range considered up to the present in HAS experiments [240].
This behavior of two different slopes of the D-W exponent
observed in graphite, i.e., a steep slope at low temperatures and a less
steep slope at high temperatures, is not seen in any of the supported
graphene systems discussed below in the next Section. It is also seen
from the last column in Table 7 that there is a rather large range of
reported values of 𝜆 for bulk graphite, so that the values of 𝜆HAS at
the surface as measured by He atom scattering are well within the
range of reported bulk values.
6.7.2. Graphene supported on ordered metals
Shown in Table 7 are all of the systems of single layer graphene
supported on close-packed metal surfaces for which D-W plots of the
specular diffraction peak have been measured. For two of these systems, Gr/Ni(111) and Gr/Ru (0001), measurements were made with
both He and Ne atom scattering. For Gr/Ni(111), in addition to experiments done with He and Ne atoms, measurements were taken at
very low incident energy using the 3 He isotope in spin-echo spectrometry.
For all these experiments, atom diffraction and diffuse elastic
scattering measurements were also carried out and these provide
accurate control of the surface long-range order and defect concentrations which ensures the high quality of the graphene-substrate
interface. The input parameters needed for evaluating 𝜆HAS are given
in Table 7 together with the relevant references. For several of the
clean metals the bulk value of 𝜆HAS has also been independently
determined and those values appear in the next-to-last column. As
stated previously for the case of graphite, the ﬁnal column gives values from other sources for the e-ph constant 𝜆 of the pure bulk metal.
Two different calculations for each of the Gr/metal systems for
𝜆HAS are shown in Table 7. These are the two columns marked
𝜆HAS /Eq. (153) and 𝜆HAS /Eq. (162). As denoted by the equation
numbers, these calculations were carried out similarly to those
explained above in Sec. 6.7.1, using ns = 6 and, for Eq. (162) with
ℏ𝜔0 = 160 meV as suggested by the Calandra and Mauri work
[236]. The values for the Einstein optical mode model of Eq. (162)
are smaller, around one-third to one-half those of the corresponding
calculation using the high temperature limit of Eq. (153).
There is a signiﬁcant amount of spread in the reported values for
the bulk metals, but the values of 𝜆HAS derived here for Gr/metals
compare favorably, particularly for values calculated with the high
temperature limit equation. It should also be noted that those values
of 𝜆HAS are quite similar regardless of whether the projectile is He or
Ne. The value 0.16 obtained for Gr/Ni(111) using Ne atoms or very
low energy (8 meV) 3 He atoms with the spin-echo detection technique is close to that of 4 He at the much larger energy of 66 meV
which is 0.19. In the two cases where data is available for Ne scattering, namely Gr/Ni(111) and Gr/Ru (0001), the calculated values using
the Einstein model are placed in parenthesis. This is because the Einstein model is probably not as valid because the heavy Ne projectiles
are expected to excite a larger range of phonons than the lighter He
atom projectiles.

Fig. 17. The electron-phonon coupling constant 𝜆HAS plotted as a function of the ZA
mode spring constant f⊥ coupling graphene to the substrate. The data are from Ref.
[241], with some adjustment; see discussion in the text. The upper dashed-line ﬁtting
curve with diamond-shaped data points, as explained in the text, allows the extrapolation of the value 𝜆 = 0.89 ± 0.04 using the high temperature limit of Eq. (153)
for ideally ﬂat free-standing graphene (error bar calculated from the mean-square relative deviation from the ﬁtting curve). Similarly, the lower solid-line curve with circular data points is the result of the Einstein mode approximation of Eq. (162) with
𝜔0 = 160 meV using the average experimental temperatures and which predicts the
value of 𝜆 = 0.32 ± 0.09 for free standing graphene.

It is of interest to compare the values of 𝜆HAS calculated here with
the bonding strength of the graphene to these metals. The Gr/metal
bonding strength is usually judged by the Gr-metal separation distance, and the systems that have been investigated fall into two
different categories, strongly bonded whose separation distance is
2.5 Å or less, and weakly bonded with a separation distance greater
than 3 Å. Among the latter are the close packed surfaces of Ag, Au,
Cu, Pt and Ir, while the former examples include Pd, Rh, Ru, Ni, Co
and Re [241]. Another way of evaluating bonding strengths is by
comparing the frequencies 𝜔ZA (0) of the shear vertical ZA mode at
the zone center where the parallel wavevector is Q = 0. At long
wavelengths the ZA mode is nearly dispersionless as a function of
Q for small Q and acts like an Einstein mode with a spring constant
f⊥ = M∗ 𝜔2ZA (0) where M∗ = 2MC MS ∕(2MC + MS ) is the effective
mass, MC the carbon mass and MS is the mass of the substrate atom.
For graphite MS coincides with the planar unit cell mass 2MC and
therefore M∗ = MC . Fig. 17 shows 𝜆HAS plotted as a function of the
interplanar force constant f⊥ for both of the two different 𝜆HAS calculations. Values of 𝜔ZA (0) measured by HAS are taken from Refs.
[129,241], except for that of Gr/Pt (111) which is extrapolated from
the Politano et al. high resolution electron energy loss spectroscopy
(HREELS) data [242].
Fig. 17 shows a clear and intriguing correlation between 𝜆HAS
and the graphene-substrate interaction: the weaker the bonding, the
stronger is the e-ph coupling in graphene. This may be qualitatively
understood by considering that a stronger interaction with the substrate implies a substantial reduction of the vertical mean square displacement, and possibly also some localization of graphene free electrons.
Some reservations are called for concerning two of the values of
𝜔ZA (0) for the ZA mode that have been reported in the literature.
In the case of Gr/Ru (0001) two widely different values of 16 and
27 meV have been reported [232,241,243]. The value of 27 meV measured with HREELS [243] appears to be incorrectly assigned and corresponds to the optical mode S2 seen on the clean Ru (0001) surface
35

J.R. Manson, G. Benedek and S. Miret-Artés

Surface Science Reports 77 (2022) 100552

tile are expressed in terms of the vibrational amplitudes of the target core atoms, and an explicit form is presented in Eq. (105). The
classical limit of this effective displacement function is discussed in
connection with Eq. (C.6) of Appendix C. Having expressions for the
displacement experienced by the colliding projectile is very useful
for many applications in surface physics, and one important application is the close coupling formalism for calculating elastic and inelastic scattering. The close coupling formalism was originally developed for gas phase molecular scattering problems [252], but shortly
afterwards was extended to the case of elastic (diffractive) scattering of atoms from ordered periodic surfaces [253], and has received
wide acceptance as a method of choice for obtaining exact results
[254,254c]. More recently it has been extended to include inelastic
scattering via phonons and is called the inelastic close coupling formalism (ICC) [255]. An advantage of the coupled channels formalism
is that it leads to numerically exact results for a speciﬁed interaction potential. In this section we show how the classical form of the
phonon displacement vector developed here is particularly suited to
inelastic coupled channels calculations.

[244,245]. A more detailed discussion appears in Ref. [246]. In Fig. 17
the value 𝜔ZA (0) = 16 meV is the one that is used.
The second reported value of 𝜔ZA (0) that needs to be discussed
is that of Gr/Rh (111) for which a value of 7 meV has been reported
[222]. This would appear to be too small when compared with the
other strongly bound Gr/metal systems such as Gr/Ni and Gr/Ru
where the value is rather in the range of 16–20 meV. Other systems
that have been measured with HAS, for example for Gr/Ru (0001) and
Gr/Ni(111), show that there are a variety of other modes and features
that can produce peaks in the energy-resolved spectra at energies
below 10 meV, including backfolding of the Rayleigh mode due to
the super-periodicity of the moiré patterns induced on these strong
binding graphene layers [221,232]. Regardless of this caveat about
𝜔ZA (0) for Gr/Rh (111), the value of 7 meV has been used, and the
corresponding value for f⊥ = 954 meV2 a.u. is not far from ﬁtting
into the observed 𝜆HAS vs. f⊥ correlations in the two curves shown
in Fig. 17.
The largest contributions to the charge density oscillations
detected by HAS come from the phonon shear-vertical (SV) mean
square displacements of surface atoms, and these are inversely proportional in self-standing graphene to an effective shear-vertical
force constant F (equal to 1908 meV2 a. u. from the analysis of Gr/Ru
(0001) HAS data [232]). Thus it is reasonable to suggest that 𝜆 for the
supported graphene is inversely proportional to F + f⊥ and scales as
𝜆Gr ∕(1 + f⊥ ∕F), with 𝜆Gr (which is the value of 𝜆HAS for self-standing
graphene) and F as ﬁtting parameters. The best ﬁt is obtained with
F = 1650 meV2 a. u., which is indeed quite close to the above value
from the previous HAS study on Gr/Ru (0001), and 𝜆Gr = 0.32 and
0.89 from the experimental temperature with the Einstein model
of Eq. (162) and in the high-T limit of Eq. (153), respectively (see
Fig. 17). Since graphene is a diatomic lattice with two equal masses
in the unit cell, the dispersion curve of the SV modes (as well as the
shear-horizontal (SH) ones) has a gapless folding point at the K-point
of the acoustic into the optic branch with a single effective SV force
constant. Thus the change from F to F + f⊥ caused by the substrate
equally affects both the acoustic and optical branches, producing a
sizeable effect on 𝜆HAS .
Although the two different approximations of Eqs. (153) and
(162) produce different values for 𝜆HAS when projected to the limit
of unsupported graphene, the similar nature of the two curves exhibited in Fig. 17 shows that such calculations produce predictions of the
behavior of 𝜆HAS as a function of experimentally controllable parameters. In this case the controllable parameter is the bonding strength
to the metal substrate. Predicting the behavior of the e-ph constant
as a function of experimentally variable parameters is important and
demonstrates the usefulness of the type of HAS experimental observations discussed here.
Thus determinations of 𝜆 such as those discussed here would
be useful for comparing different systems and, within a given Grsubstrate system, comparing the effects of doping or other ways
to alter the surface electron density. Another class of experiments
would be to measure double and multiple layer supported graphene,
and in particular it would be important to measure 𝜆 for twisted
bilayer graphene (tBLG) which can be superconducting for speciﬁc
twist angles [247–250], as well as measurements on the class of layered transition-metal chalcogenides which exhibit 2-D superconductivity (see, e.g., the recent work by Trainer et al. [251] and the HAS
study of 2H–MoS2 [151]). Also of interest would be to verify the prediction for free-standing graphene by carrying out He atom scattering experiments on unsupported graphene.

7.1. Basic principles
The starting point for the coupled channels formalism is the timedependent Schrödinger equation for a particle scattering from a crystal surface, which is generated from the Hamiltonian of Eq. (37)
iℏ

𝜕 Ψ(r, t) −ℏ2 2
=
∇ Ψ(r, t ) + V (r, t )Ψ(r, t ).
𝜕t
2m

(164)

The gas-surface interaction potential is assumed to have the form
V(r, t) = V(r + u(R, t)) and is dependent on time through the
instantaneous displacement from equilibrium u(R, t). In the present
electron-phonon interaction formalism, u(R, t) is given by the effective vibrational displacement as for example discussed in Appendix C
in connection with Eq. (C.6). The displacements are small compared
to the lattice constant and the potential can be expanded in a Taylor
series as
V (r, t ) ≈ V (r) + u(R, t ) · ∇V (r) + … .

(165)

It is of interest to note that Eq. (165) is sometimes called a singlephonon approximation because when coupled with a lowest-order
quantum mechanical Born approximation the ﬁrst order expansion
term gives rise to inelastic exchanges of a single phonon while the
next order expansion of Eq. (165), which is quadratic in the displacement, contributes to two-phonon inelastic transfers. However, it was
shown long ago that in the Born approximation the two-phonon contribution to the intensity produced by the quatratic term in Eq. (165)
is negligible in comparison to that of the single phonon [256,257]. In
fact, the dominant two-phonon contributions come from the second
order Born approximation to the perturbation series, using only the
ﬁrst order expansion of the potential shown in Eq. (165) [258–260].
This is an important distinction because it means that using only
the ﬁrst order expansion of Eq. (165) the inelastic coupled channels
formalism can be accurately extended to the evaluation of multiple
phonon transfers.
Due to the periodicity of the surface lattice, V(r), can be expanded
in a Fourier series as
V (r) =

∑

VG (z) eiG.R .

(166)

G

7. Inelastic close coupling formalism
In order to obtain a tractable numerical solution to the Schrödinger
equation the surface vibrational displacement must be expressed
classically, and as mentioned above for a continuous surface evaluated within the electron-phonon coupling approach its 𝛼 -th carte-

In the electron-phonon approach developed here, the effective
vibrational displacements encountered by a colliding atomic projec36
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Within this scheme, each inelastic diffraction channel is represented
by an equation with an effective potential consisting of V0 (z) plus
the asymptotic energy, given by ℏ2 (Ki + G + Q)2 ∕2m − nQ,𝜈 ℏ𝜔(Q, 𝜈 ).
Each inelastic excitation, either annihilation or creation, is represented by one of these channels. It is usual to describe these as channels dressed by the phonon ﬁeld. The number of channels dressed
by a given number of phonons forms a block, called a Floquet
block. Double phonon excitation and higher order multiple phonon
contributions of the same active mode are taken into account by
including more Floquet blocks, i.e., those dressed by two or three
or more phonons, by creating a staircase structure of Eqs. (170)
and (171) through terms of order nQ𝜈 ± 1. Furthermore, two coupling terms of very different nature are now present: VG−G′ (z) is
responsible for the intrablock coupling, and the scalar contraction
Aeff (Q, 𝜈 ; T) · DG−G′ ∓Q′ (z) for the interblock coupling. It is the latter
which is responsible for the thermal attenuation of the elastic diffraction intensities. In many other approaches, as for example presented
in Sec. 3 above, the thermal attenuation is expressed by a DebyeWaller factor. However, this coupled channels approach, which is
approximate in the sense that the continuous variables Q and 𝜔(Q, 𝜈 )
are discretized and the number of phonons excited is limited, gives a
unitary result that is numerically exact. This means that, within the
constraint of the ﬁnite number of phonons allowed, it automatically
calculates the thermal attenuation due to those phonons.
The coupled channels equations are solved by invoking the usual
boundary conditions for the diffracted beams, i.e., the wave function must vanish deep inside the surface, while in the asymptotic
region outside the surface it must act as a linear combination of plane
waves:

sian component is given by Eq. (C.7)

√

[
∑ ∑

kB T

eff

u𝛼 (t ) = 4

ℏ𝜔(Q, 𝜈 ) Q, 𝜈

K, n

]1∕2
|C (K, n, Q)|2
| 𝛼
|

× eiQ· R cos(𝜔(Q, 𝜈 )t ) ,

(167)

where the electron-phonon function C𝛼 (K, n, Q) is deﬁned in Eq.
(102). We write the displacement in shortened notation as
ueff (R, t ; T ) =

∑
Q,𝜈

Aeff (Q, 𝜈 ; T ) eiQ·R cos [𝜔(Q, 𝜈 ) t ] ,

(168)

where the effective vector amplitude Aeff collects all the prefactors
involving the electron-phonon coupling.
As expressed in the Bloch and Floquet theorems, the periodicity
of the interaction potential allows the wave function to be expanded
as

Ψ(r, t ) = e−iEi t∕ℏ

∑

G,Q,𝜈,nQ,𝜈

ΨG+Q,nQ,𝜈 (z) ei(Ki +G+Q)·R e−inQ,𝜈 𝜔(Q,𝜈 )t , (169)

where Ei is the incident energy of the projectile and nQ,𝜈 stands for
the number of phonons of the phonon mode (Q, 𝜈 ).
Substituting Eq. (169) into the Schrödinger equation of Eq. (164),
together with subsequent Fourier transformation in both space and
time leads to the following set of coupled differential equations for
the scattered waves

[

ℏ2 d2
2 m dz2

=

+

ℏ2
2m

k2G+Q,n

∑∑ ∑ ∑
𝜈 ′ Q′ nQ′ ,𝜈 ′ G′ ≠G

Q,𝜈 ,z

]
− V0 (z) ΨG+Q,nQ,𝜈 (z)

VG−G′ (z) ΨG′ +Q′ ,n

Q′ ,𝜈 ′

( z)
for z → −∞

1 ∑ ∑ ∑ eff ′ ′
A (Q , 𝜈 ; T )
+
2 ′ ′ n
𝜈

ψ G+Q,nQ,v (z) → 0

Q′ ,𝜈 ′

Q

ik
z
⎧ k−1∕2 e−ikz z 𝛿 + k−1∕2
S
e G+Q,nQ,v ,z
G ,0
G+Q,nQ,v ,z G+Q,nQ,v
⎪ z
⎪
if K2G+Q,n ,z > 0,
for z → +∞ ⎪
Q,v
⎨ −1∕2
−𝜅
z
ψ G+Q,nQ,v (z) → ⎪ 𝜅G+Q,n ,z SG+Q,nQ,v e G+Q,nQ,v ,z
Q,v
⎪
⎪
if K2G+Q,n ,z < 0,
⎩
Q,v

∑
· [DG−G′ −Q′ (z) + DG−G′ +Q′ (z)]
G′

×[ΨG+Q′ ,n

Q′ ,𝜈 ′ +1

(z) + ΨG+Q′ ,n

and

[

ℏ2 d2
2 m dz2

=

+

ℏ2
2m

k2G+Q,n

∑∑ ∑ ∑
𝜈 ′ Q′ nQ′ ,𝜈 ′ G′ ≠G

+

1 ∑∑ ∑
2

𝜈′

Q,𝜈

Q′ ,𝜈 ′ −1

(z)],

(170)

]
−
V
(
z
)
ΨG+Q,nQ,𝜈 +1 (z)
0
+1,z

VG−G′ (z) ΨG′ +Q′ ,n

Q′ ,𝜈 ′ +1

(174)

( z)
where to handle the case of evanescent waves
for which
√
k2G+Q,n ,z < 0 we use the notation 𝜅G+Q,nQ,𝜈 ,z = + −k2G+Q,n ,z and
Q,𝜈
Q,𝜈
must choose the positive value of the square root.
There is one equation for each channel considered, and each channel is labeled by its value of reciprocal lattice vectdor G, phonon parallel wave vector Q, phonon frequency value 𝜈 and number of multiple phonon excitations nQ,𝜈 . This means that the total number  of
channels to be considered is the product of the numbers of each of
these four categories.
The coupled channels formalism is not an initial value solution
to the Schrödinger equation, such as the case for the distorted wave
Born approximation discussed above in Sec. 3. Instead, it is a complete boundary value solution, meaning that when it is completely
solved it can produce solutions corresponding to all possible physical boundary conditions. The implication of this is that the whole
set of Eqs. (170) and (171) typically must be solved  times, each
with slightly different initial conditions, where  includes a number
of evanescent channels suﬃcient to assure numerical convergence.

Aeff (Q′ , 𝜈 ′ ; T )

Q′ nQ′ ,𝜈 ′

∑
· [DG−G′ −Q′ (z) + DG−G′ +Q′ (z)]
G′

×[ΨG+Q′ ,n

Q′ ,𝜈 ′ +2

(z) + ΨG+Q′ ,n

Q′ ,𝜈 ′

(z)],

(171)

where the perpendicular wave vector is determined from
k2G+Q,n

Q,𝜈 ,z

= k2i − (Ki + G + Q)2 −

and ℏ2 k2G+Q,n

2m

ℏ

nQ,𝜈 𝜔(Q, 𝜈 ) ,

(172)

∕2m is the kinetic energy associated with motion in
the z-direction for the ΨG+Q,nQ,𝜈 (z) scattered wave. The vector
Q,𝜈 ,z

DG−G′ ±Q′ (z) ≡ [i(G − G′ ± Q′ )VG−G′ ±Q′ (z), V ′

G−G′ ±Q′

(z)] ,

(173)

shown here in cartesian components is the contribution of the gradient of the interaction potential.
The coupled channels formalism gets its name from the set of
staircase coupled differential equations of Eqs. (170) and (171).

2

Then, from these  solutions a linear combination is formed to
match the desired boundary conditions, which for the typical experiment requires that in the asymptotic region the solution must consist
37
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[
of a single incoming plane wave and all other waves are outgoing. For
3
this reason the computation time normally scales as  , although
for the purely elastic case involving only diffraction some numerical
schemes have been reported that scale at a somewhat slower rate
with  [261]. In spite of the seemingly unfavorable scaling rate with
 , nowadays CC calculations with large  are not computationally prohibitive due to the fact that computer power has increased
immensely.
It is also of interest to note that the coupled channel method
determines far more information than any typical experiment ever
measures. For example, most experiments that measure energy
resolved spectra are limited to a geometry in which the detector
direction lies within the scattering plane, i.e., the plane deﬁned by
the incident beam and the surface normal. Furthermore, most such
experimental set-ups are restrained to geometry in which the incident beam and detector direction are at ﬁxed angles with respect to
each other, this angle being called the source-detector angle 𝜃 SD . For
such experiments, the energy and parallel momentum conservation
laws for single phonon excitation are

ΔE = Ef − Ei = ℏ𝜔(Q , 𝜈 ) ,

2 m dz2

=

+

ℏ2
2m

k2G+Q,n

Q,𝜈 ,z

]
− V0 (z) ΨG+Q,nQ,𝜈 (z)

VG−G′ (z) ΨG′ +Q,nQ,𝜈 (z)

1
2

+ Aeff (Q, 𝜈 ; T ) ·

∑

[DG−G′ −Q (z) + DG−G′ +Q (z)]

G′

×[ΨG+Q,nQ,𝜈 +1 (z) + ΨG+Q,nQ,𝜈 −1 (z)],
and

[

ℏ2 d2
2 m dz2

=

∑

G′ ≠G

+

ℏ2
2m

k2G+Q,n

1
2

]
−
V
(
z
)
ΨG+Q,nQ,𝜈 +1 (z)
0
+ 1 ,z

Q,𝜈

∑

[DG−G′ −Q (z) + DG−G′ +Q (z)]

G′

×[ΨG+Q,nQ,𝜈 +2 (z) + ΨG+Q,nQ,𝜈 (z)].

(175)

(178)

VG−G′ (z) ΨG′ +Q,nQ,𝜈 +1 (z)

+ Aeff (Q, 𝜈 ; T ) ·

(179)

Within the active mode approximation multiple quantum excitation of the phonon is treated by the method of Floquet blocks [255].
As mentioned above, the number of Floquet blocks dressing each
channel ΨG+Q,nQ,𝜈 (z) is given by the total number of phonon creations

(176)

Combining these two conservation equations leads to a parabolic
relationship between 𝜔(Q, 𝜈 ) and Q called the scan curve, given by

]2
⎧[
⎫
Q +G
sin
(
𝜃
)
+
i
⎪
⎪
ki
ΔE = ℏ𝜔(Q , 𝜈 ) = Ei ⎨
− 1⎬ .
sin2 (𝜃f )
⎪
⎪
⎩
⎭

∑

G′ ≠G

and
Kf − Ki = Q + G .

ℏ2 d2

and annihilations retained for convergence of the calculation.
As a special case, for situations in which one is interested in calculating the thermal attenuation of elastic diffraction intensities it is
useful to ignore the momentum and consider excitations of phonons
of energy ℏ𝜔 with no dependence on Q. This is accomplished by
restricting Eqs. (178) and (179) to the special case of Q = 0, i. e.

(177)

[

This shows that for a given incident angle 𝜃 i = 𝜃 SD − 𝜃 f the experiment measures only those single phonon excitations with frequencies and wave vectors related by the scan curve parabola. This is
only a small subset of the complete spectrum generated by a coupled channels calculation for the same given incident angle.

ℏ2 d2
2 m dz2

=

∑
G′ ≠G

+

]

ℏ2

− V 0 ( z ) ΨG , n ( z )
k2
2 m G,n,z

VG−G′ (z)ΨG′ ,n (z) +

]
1 eff ∑ [
DG−G′ (z) + DG−G′ (z)
A ·
2
′

[

G

]

× ΨG,n+1 (z) + ΨG,n−1 (z) ,

7.2. Decoupling of phonon modes
and

[

Because of the large number  of channels, and particularly
because of the high scaling rate of computer time with  , the solution of the complete inelastic coupled channels problem of Eqs. (170)
and (171), even with a coarsely discretized set of frequencies and
Q values risks becoming computationally prohibitive. An approximation that has been carried out computationally, and that produces physically reasonable results is to ignore quantum interference
between multiple phonon excitations by considering only one single
phonon excitation at a time, i.e., consider only a single phonon frequency and wave vector 𝜔(Q, 𝜈 ) with each set of solutions, and this
phonon is called the active mode. This decoupling approximation is
justiﬁed by the fact that in a harmonic crystal there is no interference
between different phonon modes. For calculations that have been
carried out thus far, only a single given Q-vector value is assumed to
occur [255]. In this active mode approximation the set of Eqs. (170)
and (171) reduce to the following:

ℏ2 d2
2 m dz2

=

∑
G′ ≠G

+

(180)

]

ℏ2

− V0 (z) ΨG,n+1 (z)
k2
2 m G,n+1,z

VG−G′ (z) ΨG′ ,n+1 (z) +

[

]
1 eff ∑ [
DG−G′ (z) + DG−G′ (z)
A ·
2
′

]

× ΨG,n+2 (z) + ΨG,n (z) ,

G

(181)

where nQ,𝜈 has been replaced by n in order to simplify the notation.
7.3. Calculating observable intensities
The general scattering matrix SG+Q,nQ,𝜈 resulting from the solution

of the set of Eqs. (180) and (181) as well as Eqs. (178) and (179) is
unitary and the mode-speciﬁc scattering probabilities are expressed
as
IG+Q,nQ,𝜈 = |SG+Q,nQ,𝜈 |2 ,

38
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gated Morse potential of the form

although this quantity is not, in general, observable experimentally.
In order to obtain the observable elastic diffraction and inelastic
intensities it is necessary to average over the phonon spectral den(i)
sity 𝜌(𝜔(Q, 𝜈 )) and the initial number of phonons nQ,𝜈 , and sum over

(

V (r) = D e−2𝜅 (z−𝜉 (R)) − e−𝜅 z

(

[

+ cos

𝜔c

(183)
VG−G′ (z) = D

)|2
|
|SG+Q,0 (ΔnQ,𝜈 𝜔(Q, 𝜈 )) = 0 | 𝜌(𝜔(Q, 𝜈 )) d𝜔(Q, 𝜈 ),
|
|

√

𝜈n,m =

and the actual diffraction peak intensity is obtained by setting
Q = 0. The inelastic contribution coming from terms with ΔnQ,𝜈 ≠ 0
is given by
𝜔c

∞
∑
ΔnQ,𝜈 =1

∫0

[

|
|

(

(

)]

y

x− √

3

)]
y

x+ √

3

[

+ cos

2𝜋 2y
√
a
3

])

,

(187)

𝜈n,m −2𝜅 z
e
,
𝜈0,0

(188)

3a2
4𝜋

+∞
∑

[

]

Ik (𝛼 ) Ik+n (𝛼 )Ik−m (𝛼 ) + Ik−n (𝛼 )Ik+m (𝛼 ) .

k=−∞

(189)
Results of calculations of the diffraction peak intensities at several temperatures spanning a rather large range are shown in Fig. 18.
The potential parameters used were a well depth D = 7.898 meV, a
stiffness parameter 𝜅 = 0.884 Å−1 , and a corrugation amplitude of
𝜉 0 = 0.07 Å−1 . The phonon spectrum was a Debye distribution with
a Debye temperature of 85 K. It is seen that the relative intensities
of the specular and observable diffraction peaks are well reproduced
by the calculations, and even the apparent asymmetries between the
intensities of corresponding negative and positive index diffraction
peaks, introduced by the increasing inelastic background at higher
temperatures, are also reproduced.
Further illustration of the usefulness of this ICC formalism is seen
in the thermal attenuation in Fig. 19 which shows Debye-Waller
plots of the specular and diffraction intensities. The left panel shows
the natural logarithm of the specular intensity as a function of surface temperature and the points are ICC calculations taken in both
high symmetry directions as indicated in the ﬁgure caption. The line
passing through the points is the result of a standard neutron scattering Debye-Waller function of the type shown in Eq. (2) with a Debye
temperature of 85.9 K (assuming for MS the mass of a single Bi atom),
which is also in agreement with the experimental measurements of
the thermal attenuation. The right panel of Fig. 19 shows similar good
agreement for the ﬁrst order diffraction peaks in the two high symmetry directions. The dashed line shows a standard Debye-Waller
plot the type shown in Eq. (2) with a Debye temperature of 85.9 K
and momenta adjusted for the diffraction peak, while the displaced
solid line shows a similar calculation with a Debye temperature of
85 K.
An important remark to make at this point is that the Debye
temperature obtained here is an independent evaluation, which is
obtained from ﬁtting the ICC calculations to the diffraction peak
intensities as shown in Fig. 18. This value is independent of the Debye
temperature appearing in the neutron scattering approximation of,
e.g., Eq. (2) or Eq. (135), which is typically evaluated by ﬁtting the
Debye-Waller factor to the thermal attenuation of the specular or
another diffraction peak. Thus, the determination of ΘD from Fig. 18

|2
|

e−ΔnQ,𝜈 𝛽ℏ𝜔(Q,𝜈 ) |SG+Q,0 (−ΔnQ,𝜈 𝜔(Q, 𝜈 ))|

]
|
|2
+ |SG+Q,0 (+ΔnQ,𝜈 𝜔(Q, 𝜈 ))| 𝜌(𝜔(Q, 𝜈 )) d𝜔(Q, 𝜈 ).
|
|

2𝜋
a

2𝜋
a

where the integers n and m are those needed to specify the surface reciprocal lattice vectors, i.e., G = G(n, m). The coeﬃcients are
expressed in terms of the modiﬁed Bessel functions of the ﬁrst kind
In (𝛼 ) with 𝛼 = 2𝜅𝜉 0 as

(184)

⟨IGinel
⟩=
+Q

(186)

with 𝜉 0 as the corrugation amplitude and a is the lattice constant
which for Bi is 4.538 Å. With the above corrugation function the
Fourier components VG (z) of the potential become

where the elastic contribution (corresponding to ΔnQ,𝜈 = 0, i.e., no
net exchange of phonons) is given by

∫0

[

𝜉 (R) = 𝜉 (x, y) = 𝜉0 cos

as the net number of phonons exchanged in the scattering process,
then the observable elastic scattering intensity at parallel wave vector G + Q is

⟨IGel+Q ⟩ =

,

where D is the well depth and 𝜅 is the stiffness parameter. The corrugation function of the BCC Bi(111) surface was represented by a
summation of sinusoidal functions

(f )

the ﬁnal number of phonons of the active mode, nQ,𝜈 . Note that, as
opposed to purely elastic diffractive scattering from a rigid periodic
surface, because there are multiple phonons transferred with different values of parallel momentum transfer Q, there will in general be
non-zero elastic scattering intensity between the diffraction peaks.
This is diffuse elastic background due to multiple phonon excitations
whose total energy transfer to the surface is zero, but whose total
(f )
(i)
wave vector exchange is non-zero. If we deﬁne ΔnQ,𝜈 = nQ,𝜈 − nQ,𝜈

⟨IG+Q ⟩ = ⟨IGel+Q ⟩ + ⟨IGinel
⟩,
+Q

)

(185)

In these expressions 𝛽 = 1∕kB T, and 𝜔c is a cutoff frequency deﬁned
by the maximum allowed frequency in the phonon spectral density
𝜌(𝜔(Q, 𝜈 )).
The scattering amplitude elements are calculated for a number of
phonons of the active mode that are exchanged given by ΔnQ,𝜈 . One
effect of an increasing surface temperature is to enlarge the number
of phonons involved in the scattering process. This leads also to an
increase of the number of Floquet blocks necessary to obtain numerical convergence. Therefore, the thermal attenuation in this formalism is dependent on the number of Floquet blocks. As the number of
inelastic channels increases, since the theory is unitary, the diffraction intensities associated with the elastic channels decrease due to
a redistribution of the total ﬂux into more and more open elastic and
inelastic scattering channels. An additional advantage of this formalism is that it makes it possible to calculate the percentages of the
total intensity due to the elastic and inelastic contributions and to
have an idea of the multiphonon background. Moreover, this analysis also makes clear the importance of the contributions of small
phonon frequencies since this implies that their Floquet blocks are
densely packed and the resulting effective coupling is stronger. As a
ﬁnal comment, it should be noted that since this method is numerically exact it automatically includes the contributions due to coupling with the bound states in the adsorption potential well. This
means that bound state resonances, regardless of whether they are
elastic or inelastic (phonon assisted) are correctly calculated.
An example of the application of this inelastic close coupling formalism is provided by a recent analysis of the structure and dynamics of the Bi(111) surface [262] using He atom scattering measurements [70]. The interaction potential V(r) was taken to be a corru39
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Fig. 18. He atom scattering from Bi(111): measured and calculated diffraction peak intensities in both high symmetry lattice directions at several surface temperatures and an
incident beam energy of 17 meV [262]. Black dots signify measured peak areas, red stars signify calculated peak intensities using elastic close-coupling with a Debye-Waller
attenuation, and blue downward triangles signify calculated peak intensities using the inelastic close-coupling approach. The “order” of the scattering peak refers to the number
of reciprocal lattice vectors needed when fulﬁlling the Bragg condition. Upper panel: Angular scans in the ΓM direction at three different surface temperatures. Lower panel:
Angular scans in the ΓK direction at three different surface temperatures. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web
version of this article.)

Fig. 19. He atom scattering from Bi(111): natural logarithm of the calculated intensities divided by the elastic (unattenuated) specular intensity [262]. Left panel: Attenuation
of the specular contribution in both high-symmetry directions. The green line corresponds to a ﬁt of a simple D-W-like attenuation with a Debye temperature of ΘD = 85.9 K.
Right panel: Attenuation of the calculated ﬁrst-order diffraction peaks in both high-symmetry directions. The parallel but shifted behavior conﬁrms a D-W-like attenuation of
the diffraction peaks with the same Debye temperature as for the specular. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web
version of this article.)

provides an independent evaluation of the e-ph coupling constant
𝜆HAS via Eq. (136). Using the mass of a single Bi atom and the present
value of ΘD = 85 K, the Debye force constant appearing in Eq. (136)
is fDs = MS Θ2D k2B ∕ℏ2 = 4.2 × 104 erg/cm2 . Using the 3-D free electron
DOS obtained in Subsection 5.5 related to the unit cell volume vc , i.e.,
N (EF ) = vc m∗e kF ∕𝜋 2 ℏ2 where vc = cac and ac is the surface unit cell
area and c the cell depth, Eq. (136) becomes

𝜆HAS =

6𝜋 2 𝜙
.
vc kF fDs

8. Conclusions
This paper begins with a review of formal scattering theory as it
applies to the collisions of atoms with surfaces at kinetic energies in
the range where no penetration into the target is expected, which in
the case of He atoms or other rare gas atoms usually means incident
energies not much greater than approximately 10 eV. In fact, the
most interesting regime, and the one that is capable of producing the
most detailed information about the surface structure and dynamics, is when quantum effects such as diffraction and single phonon
transfer predominate and this implies projectile energies less than
100 meV. Under such conditions, the incoming atoms are reﬂected
by the rapidly decreasing electronic distribution as it extends outward from the surface away from the core atoms making up the

(190)

In bismuth ac = 17.8 Å2 and c = 11.823 Å. With 𝜙 and kF taken
from Table 2 one obtains 𝜆HAS = 0.62, which compares favorably
with the value of 0.57 derived by ﬁtting the thermal attenuation of
the specular peak and the calculated value of 0.60 [86].
40

J.R. Manson, G. Benedek and S. Miret-Artés

Surface Science Reports 77 (2022) 100552

through measurements of the intensities of single phonon peaks. In
this work we obtain in a more general way the same result for the
inelastic intensities and show that the 𝜆Q,𝜈 associated with atomsurface scattering contain a dependence on surface temperature, a
dependence that is relatively weak, but increases in importance as
the scattering becomes stronger. The ability of using inelastic scattering to extract the mode components 𝜆Q,𝜈 shows that sampling
different segments of the phonon spectrum should serve to pinpoint
which phonons are most important for electron pairing in superconductors, and particularly for low-dimensional superconductors. This
is in contrast with the information extracted from the D-W factor,
which is able to obtain only the averaged value of 𝜆 for a given system.
This approach also produces the elastic diffraction spectrum arising from scattering from the corrugation of the electron density
caused by the electron-phonon coupling. The standard e-ph approximations show that diffraction peak intensities can be expressed in
terms of a weighted summation over the electron-phonon matrix
elements. Thus, this shows that even measurements of elastic
diffraction provide information on the electron-phonon interaction
and its contribution to the interaction potential.
It is through examination of the single phonon transition rates
that it is possible to identify the effective vibrational displacement
vector operators of the surface electron density, i.e., the displacement operators that cause the creation or annihilation of phonons
in the scattering collision. With these displacement operators, it is
then straightforward to evaluate the time and position dependent
displacement correlation functions and the mean square displacement needed to evaluate the Debye-Waller factor. These quantities
are directly related to the displacement operators of the crystal cores
through the electron-phonon coupling. As a result of the e-ph coupling these quantities are also found to have additional dependence
on the temperature, i.e., dependence on temperature beyond that
arising from the usual Bose-Einstein factors found in the well known
correlation functions for the core displacements.
An important result is that the evaluation of the mean square
displacement allows a precise deﬁnition of the Debye-Waller factor, and speciﬁcally this means that all components of its argument
2Weff (kf , ki ) are deﬁned in terms of the corresponding correlation
function for the crystal cores. This is an important property that is
lacking in virtually all previous treatments. For example, the simplest treatment of 2Weff (kf , ki ) assigns it a value similar to that used
for neutron scattering as shown in Eq. (1), or the simpler reduction
of Eq. (2) where a Debye phonon model has been used to express it
in terms of projectile atom energy, a surface mass and a Debye temperature. However, as discussed in the Introduction, the only part
of Eq. (2) that is well deﬁned is its linear dependence on the temperature. The surface mass, the energy dependence, and the Debye
temperature all must be regarded as effective quantities that may or
may not bear a simple relationship to the corresponding quantities of
the surface cores. In the present treatment based on electron-phonon
coupling, the surface mass that appears in 2Weff (kf , ki ) is that of the
crystal cores. The energy dependence found in this approach is considerably more complicated than that appearing in Eq. (1). It involves
not only the momentum vector Δk = kf − ki , but also has energy
dependence arising from the projectile distorted wave functions and
the electron-projectile overlap. This energy dependence automatically includes effects of the attractive van der Waals force and its
associated adsorption well in the interaction potential because these
are built into the distorted wave functions appearing in the overlap
integrals.
As examples of the application of the theory presented here,
and its potential for obtaining information from the analysis of
experimental data, in Sec. 6 we discuss extracting the values of
the electron-phonon coupling constant 𝜆 from measurements of the
Debye-Waller thermal attenuation of He atom scattering. Most often

crystal target. Thus the collision takes place not with the cores, but
with the electronic distribution a signiﬁcant distance in front of the
ﬁrst layer of cores. In particular, the static corrugation and the vibrational displacements sensed by the colliding atom are those of the
electron distribution, and these electron density vibrational displacement vectors may be signiﬁcantly different from those of the cores.
Most theoretical treatments in the past have treated this diﬃculty
by approximating the projectile-surface interaction with an effective
potential. In this treatment we utilize electron-phonon coupling theory to determine the corrugation and vibrational displacements of
the electronic density and these are related directly to the positions
and displacements of the cores through the e-ph coupling constants.
In Sec. 2 we show, starting from a rather general form of the
interaction potential, how to develop the elastic and inelastic transition rates (and hence the scattering spectra) and it is shown how
a Debye-Waller factor must arise. However, unlike typical bulk scattering probes such as neutrons or X-rays, atomic projectiles scatter
from the surface electron density and their scattering spectra and
Debye-Waller factor are expressed in terms of the effective vibrational displacement operators of the electron cloud, which are only
indirectly related to the vibrational displacements of the cores.
Since most treatments of inelastic scattering, and many methods
for calculating weak diffraction intensities such as is often the case
for metal targets, use the distorted wave Born approximation, Sec.
3 shows how the DWBA can be extracted from the general theory.
This approach has two advantages, ﬁrst it gives a well deﬁned prescription for determining the appropriate transition matrix operator
for use in the DWBA, and secondly it clearly shows that the DebyeWaller factor must appear in the DWBA. This latter point is important
because in earlier theoretical treatments using the DWBA the DebyeWaller factor either did not appear, was incorrectly evaluated, or had
to be factored into the intensity spectra in an ad hoc fashion. The
present treatment explains the failure of these earlier treatments,
which was usually due to applying approximations or expansions of
the interaction potential too early in the theoretical development.
The approach developed in Secs. 2 and 3 provides a theoretical framework in which the vibrational displacements of the surface electron density are calculated using electron-phonon coupling.
The effective vibrational displacements of the electron density are
related directly to those of the cores, i.e., they are directly related to
the phonon displacements that can be readily calculated for a semiinﬁnite crystal lattice. The approach depends on the well established
fact that the repulsive part of the potential experienced by an incoming atomic projectile is due to Pauli exchange forces, and is proportional to the surface electron density. With the effective displacements of the electron distribution it is then a straightforward matter
to evaluate the displacement correlation functions necessary for calculating the elastic and inelastic scattering spectra and the DebyeWaller factor. The formal treatment of the electron-phonon coupling appears in Sec. 4 where the transition rates for elastic and single phonon inelastic scattering are presented. From these transition
rates explicit expressions for the effective displacement operators of
the electron distribution that scatters the atoms are obtained. In the
process, electron-phonon coupling theory identiﬁes the thin, essentially two-dimensional region of the surface at which the atomic projectile is both reﬂected and energy transfer takes place, i.e., essentially the region containing the locus of classical turning points.
In order to relate experimental atom-surface scattering spectra to
quantities typically measured for bulk electron-phonon interactions
a series of standard e-ph coupling approximations are applied in Sec.
5. It is found that the scattered spectra can be related to the electronphonon coupling constant 𝜆 familiar to superconductivity theory, or
more speciﬁcally to its mode speciﬁc components 𝜆Q,𝜈 .
Previously, it has been shown that the intensity of single phonon
peaks in energy resolved scattering spectra are proportional to 𝜆Q,𝜈 .
This result shows that relative values of the 𝜆Q,𝜈 can be obtained
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the type of scattering data analyzed was the thermal attenuation
of the specular diffraction peak or a non-specular diffraction peak.
However, other examples show that values of 𝜆 can be extracted
from analysis of the energy or angular dependence of the D-W factor, or even from the temperature dependence of the diffuse elastic intensity measured between diffraction peaks, or from diffraction
features arising from charge density waves at the surface. Starting
with the available data for the D-W thermal attenuation of the He
atom scattering specular peak from simple metals, over 50 different systems have been analyzed. In addition to simple metals, metallic overlayers on various substrates have been examined as well as
chalcogenides, other topological surfaces and single-layer graphene
adsorbed on metal substrates. For all of these systems the values of
𝜆 measured at the surface via scattering of rare gas atoms are in reasonable agreement with known values from other sources such as
measured bulk values or calculated values. This work demonstrates
that all aspects of the observable scattering in atom-surface systems,
such as elastic and inelastic spectra as well as the Debye-Waller
factor, can be expressed in terms of the electron-phonon interaction parameters. This implies that experimental measurements will
be capable of providing extensive information on the nature of the
electron-phonon coupling interaction near the surface.
In addition to presenting expressions for the scattering transition
rates, we use the displacement operators developed here to evaluate
the classical form of the displacement vectors at the locus of classical turning points. These are useful quantities needed, for example in
applications such as classical molecular dynamics simulations of surface scattering, or for computationally intensive calculations of elastic and inelastic scattering such as inelastic coupled channels computations discussed in Section 7. An important result arising from the
ICC calculation is that it provides for an alternative method of determining 𝜆HAS . This is because a comparison of the ICC calculation with
the HAS diffraction peak intensities at any given temperature produces a value of the Debye temperature, a value which is independent of that derived from a comparison with experimental data for
the Debye-Waller factor of Eq. (2). This is discussed in Subsection 5.4
with a speciﬁc example of Bi(111) evaluated with Eq. (190) in Subsection 7.3.
The formal theoretical development presented in the ﬁrst four
sections of this review assumes a perfectly ordered surface, and consequently does not contain a diffuse elastic scattering component, it
is nevertheless easy to understand that the D-W factor also applies to
diffuse elastic scattering. The diffuse elastic scattering signal is usually a rather sharp peak in the energy-resolved atom-surface scattering spectra appearing at zero energy transfer in the region between
the coherent diffraction peaks. It is due to symmetry breaking defects
in and on the surface such as steps and other disorder or adsorbates.
To include diffuse elastic scattering in the present theory it is only a
question of including in the transition matrix additional terms corresponding to a small distribution of defects or adsorbates. For example, this could be accomplished by adding into the transition matrix
of Eq. (62) a contribution due to a random distribution of defects or
adsorbates. If the distribution is suﬃciently dilute the D-W factor is
negligibly different in form, but is seen to apply to the diffuse elastic
intensity in a manner similar to that of the diffraction peaks. We have

used this fact implicitly in several of the systems analyzed for values
of 𝜆 in Sec. 6. The diffuse elastic intensity in He atom scattering has
been used to determine the nature and shape of dilute distributions
of adsorbates on metal surfaces [263] and it would be of interest to
look into this further, for example one could investigate the effects
on the value of 𝜆 due to various densities of adsorbates on metal surfaces.
The large variety of systems already analyzed and presented in
Sec. 6 make it easy to think of other systems that would be of interest to investigate for determination of 𝜆. Examples that immediately
suggest themselves are the various classes of high − TC superconductors such as cuprates, perovskites, etc. Measuring 𝜆 should be
relevant for many surface phenomena related to low-energy collective excitations on metal surfaces such as phasons, amplitons and
acoustic surface plasmons. For many such systems the variations
of strength of 𝜆 can be measured as a function of ﬁlm thickness
on a layer-by-layer basis. The examples discussed above in Subsections 6.4 and 6.7 of topological surfaces and supported graphene also
provide ample numbers of new systems that could be analyzed for
𝜆 and in particular for how 𝜆 varies under the inﬂuence of various
experimentally controllable parameters such as dopants. Knowledge
of the e-ph coupling is also relevant to 2-D and quasi-1D superconductivity in nanotechnology as well as to other transport properties
such as thermo-electricity, etc. It is also able to discriminate in topological insulators contributions of the quantum well states over the
Dirac electrons and this interaction acts as the driving mechanism
for the observed CDW transition. Thus, HAS spectroscopy can help
to elucidate whether and where the coexistence of CDWs and superconductivity is competitive or cooperative. Pnictogen chalcogenides
where topological superconductivity can be induced by pressure,
intercalation or proximity to superconductors offer possible scenarios of coexistence with CDWs. The values of 𝜆 obtained from HAS
allows to stress the role of surface quantum well and conductionband states with respect to that of Dirac states. In particular the study
in Subsection 6.7 of graphene supported on metal substrates, showing how 𝜆 varies with the binding strength, make it obvious that He
scattering investigations should be carried out on double and multiple layer supported graphene. Of particular interest would be investigations of twisted bilayer graphene and other systems in the burgeoning ﬁeld of twintronics.
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Appendix A. Expansion of the Displacement Vector and Correlation Functions in Normal Modes
Reproduced here are some useful expressions that result from the theory of crystal vibrations in the harmonic approximation [264] as they
apply to a semi-inﬁnite surface. For simplicity the case of a Bravais lattice is considered. Following the standard treatments of bulk crystal
vibrations which are expanded in terms of normal modes, the 𝛼 -th cartesian component of the displacement vector of the surface atomic core
sitting at the 𝓁 -th surface lattice site u𝓁 (t) can be expanded as [264].
u𝛼,𝓁 (t ) =
where

∑

∑

[

Q,𝜈
Q, 𝜈

ℏ
2NM𝜔(Q, 𝜈 )

]1∕2

[

]

e𝛼 (Q, 𝜈 )eiQ·R𝓁 ̂
a† (Q, 𝜈 )e−i𝜔(Q,𝜈 )t + ̂
a(Q, 𝜈 )ei𝜔(Q,𝜈 )t ,

(A.1)

is a summation over the parallel wave vector Q and branch number 𝜈 of the mode, M is the surface atomic mass, 𝜔(Q, 𝜈 ) is the mode

frequency, and e𝛼 (Q, 𝜈 ) is the 𝛼 -th cartesian component of the mode polarization vector. The operators ̂
a† (Q, 𝜈 ) and ̂
a(Q, 𝜈 ) are, respectively,
creation and annihilation operators, whose average is given by

⟨

̂a† (Q, 𝜈 ) ̂
a(Q′ , 𝜈 ′ )

⟩

= nBE (𝜔(Q, 𝜈 )) 𝛿Q,Q′ 𝛿𝜈,𝜈 ′ ,

(A.2)

with nBE (𝜔(Q, 𝜈 )) the Bose-Einstein distribution function given by

[
nBE (𝜔(Q, 𝜈 )) =

(

exp

ℏ𝜔(Q, 𝜈 )

)

]−1

.

−1

kB T

(A.3)

Making use of Eq (A.2) the average displacement correlation function can be evaluated with the result

⟨Δk · u𝓁 (0)Δk · u𝓁 ′ (t )⟩ =

×e−iQ·(R𝓁′ −R𝓁

) {[

3
∑

𝛼,𝛼′ =1

Δk𝛼 Δk𝛼′

∑[
Q,𝜈

]

ℏ
e (Q, 𝜈 ) e∗𝛼′ (Q, 𝜈 )
2NM𝜔 (Q, 𝜈 ) 𝛼

]

}

nBE (𝜔 (Q, 𝜈 )) + 1 e−i𝜔(Q,𝜈 )t + nBE (𝜔 (Q, 𝜈 )) ei𝜔(Q,𝜈 )t .

(A.4)

Expressed more simply as the tensor of vibrational amplitudes, the correlation function is

⟨

⟩

u𝛼,𝓁 (0)u𝛼′ ,𝓁 ′ (t ) =

∑
Q,𝜈

[

]

ℏ
e (Q, 𝜈 )e∗𝛼′ (Q, 𝜈 )
2NM𝜔(Q, 𝜈 ) 𝛼

× eiQ·(R𝓁′ −R𝓁 )

{[

]

}

nBE (𝜔(Q, 𝜈 )) + 1 e−i𝜔(Q,𝜈 )t + nBE (𝜔(Q, 𝜈 ))ei𝜔(Q,𝜈 )t .

(A.5)

For completeness we write also the average mean-square displacement, which is independent of lattice site 𝓁 and time t and is readily obtained
by evaluating Eq. (A.5) at equal times and positions.

⟨

u𝛼,𝓁 u𝛼′ ,𝓁

⟩

=

∑[
Q,𝜈

]
[
]
ℏ
1
e𝛼 (Q, 𝜈 )e∗𝛼′ (Q, 𝜈 ) nBE (𝜔(Q, 𝜈 )) +
.
NM𝜔(Q, 𝜈 )
2

(A.6)

The argument of the Debye-Waller factor is expressed in terms of the mean-square displacement
2W (kf , ki ) =

=

⟨(
)2 ⟩
Δk · u𝓁 (t )
3
∑

𝛼,𝛼′ =1

Δk𝛼 Δk𝛼′

∑[
Q,𝜈

]
[
]
ℏ
1
e𝛼 (Q, 𝜈 )e∗𝛼′ (Q, 𝜈 ) nBE (𝜔(Q, 𝜈 )) +
.
NM𝜔(Q, 𝜈 )
2

(A.7)

Note that for atom-surface scattering the displacements and correlation functions considered in this appendix are not those of the atomic
cores in the crystal target. They are the effective displacements and correlations at the position at which the scattering takes place, i.e., those
of the electron density in the region of the locus of classical turning points of the potential. In this case the mass M becomes an effective mass
and not necessarily that of the crystal lattice. However the mathematical forms of the displacement and correlation functions remain similar.
Appendix B. Examples of Effective Temperature-dependent Atom-Surface Potentials
In several instances we have arrived at the need to evaluate an effective, temperature-dependent atom-surface interaction potential such
as that ﬁrst seen in Eq. (59), reproduced here as Eq. (B.1) below. It is of interest to examine example cases in order to see how introduction of
the Debye-Waller-like factor into the Fourier transform of this potential affects the character of the original interaction potential with a rigid
surface.
eff

vΔK (T , z) =

+∞

1
̃
dqeiqz vΔK,q e−W (ΔK,q)
2𝜋 ∫−∞
+∞

=

2 2
1
dqeiqz vΔK,q e[−q ⟨uz ⟩−2qΔKx ⟨uz ux ⟩−2qΔKy ⟨uz uy ⟩]∕2 .
2𝜋 ∫−∞

(B.1)
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For now, it is assumed the averaged displacement cross terms vanish, leaving a relatively simple looking Fourier transform to evaluate
+∞

2 2
1
dq eiqz vq e−q ⟨uz ⟩∕2 .
2𝜋 ∫−∞

v(T , z) =

(B.2)

Two examples will be considered here. One is the physically obvious case of an exponentially repulsive potential. The other is the somewhat
less physical step-function, but one that gives an illustrative example of how the temperature alters features of the potential.
Appendix B.1. Step-Function Potential
An interesting case to start with is that of considering the atom-surface interaction potential to be a step function repulsive barrier of height
V0 . Of course this implies that the energy of the incoming particle is less than V0 .

{

v(z) =

0,

z>0

V0 ,

z<0

.

(B.3)

For simplicity, take V0 = 1 and recognize that the Fourier transform of the step function is
Sq =

1
1
.
lim
i 𝛿 →0+ q − i𝛿

(B.4)

This choice is readily checked by evaluating the integral as a countour integral on the complex q-plane
+∞

v(z) = 1 −

= 1−
{

=

1
1
dqeiqz
lim
2𝜋 i 𝛿 →0+ ∫−∞
q − i𝛿
1
1
dqeiqz
lim
2 𝜋 i 𝛿 →o + ∮
q − i𝛿

0,

z>0

1,

z<0

,

(B.5)

where the contour is chosen to be closed by a semicircle in the upper half-plane if z > 0 and in the lower half-plane if z < 0.
Now, consider the Debye-Waller modiﬁed effective step function potential
eff

Sq

=

2 2
1
1
e−q u ,
lim
i 𝛿 →o+ q − i𝛿

where u =

(B.6)

√
⟨u2z ⟩∕2. The Fourier transform is less obviously carried out via countour integration in the complex plane

veff (z) = 1 −

+∞

2 2
1
1
dq eiqz
e−q u ,
lim
2𝜋 i 𝛿 →o+ ∫−∞
q − i𝛿

(B.7)

but is readily evaluated using another approach. Consider the derivative
+∞

2 2
dveff (z)
−1
1
=
dq iq eiqz
e−q u
lim
dz
2𝜋 i 𝛿 →o+ ∫−∞
q − i𝛿

=
=

−1

+∞

2𝜋 ∫−∞

−1
2𝜋

dqeiqz e−q

2
2
e−z ∕4u

+∞

∫−∞

2 u2

2

dqe−(qu−iz∕2u) =

2
2
−1
√ e−z ∕4u .

2

(B.8)

𝜋u

Integrating the above result gives veff (z) in terms of the error function.
z

′2
2
1
1
veff (z) == 1 − √
dz′ e−z ∕4u =
2
2 𝜋 u ∫−∞

[

(
1 − erf

z
2u

)]

,

(B.9)

where the error function is deﬁned by [265]
2
erf(z) = √

𝜋 ∫0

z

2
dt e−t .

(B.10)
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Thus it becomes apparent that the effect of including the Debye-Waller-like factor into the effective, temperature-dependent potential is
to round off the sharp corners of the step
√ potential. An example is shown in Fig. B.20 where the effective potential is compared with the step
function in which the parameter u =

⟨u2z ⟩∕2 = 0.2 Å, which is a quite large value, approximately what one would expect for an average

crystal displacement in the neighborhood of the melting temperature.

Fig. B.20 Effective potential derived from a step-function potential, compared to the original step function. The value of the root mean square displacement is taken as u = 0.2 Å.

Appendix B.2. Repulsive Exponential Potential
The second potential to consider is the physically interesting repulsive exponential potential, which is the approximate form expected for
a potential which is proportional to the shape of the electronic density as it spills out of the crystal surface.
v(z) = e−2𝜅 z .

(B.11)

The Fourier transform of the exponential potential, at least within the condition z > 0 is given by
vq =

1
1
,
i q − i2𝜅

(B.12)

as can be seen by the following contour integral carried out in the complex q-plane

{

+∞

1
1
1
1
dqeiqz
=
dqeiqz
=
v(z) =
2𝜋 i ∫−∞
q − i2𝜅
2𝜋 i ∮
q − i2𝜅

e−2𝜅 z

z>0

0,

z<0

,

(B.13)

where the contour is taken to be an inﬁnite semicircle in the upper half plane if z > 0, and a semicircle in the lower half plane if z < 0, and
it is assumed that 𝜅 > 0 and real. It becomes clear that Eq. (B.11) is, in the strictest sense, a mathematically improper Fourier transform for
representing the exponential function, with clear limitations of validity indicating z > 0, but as long as we stay within this condition it should
work quite well for physical illustration.
Using
√ Eq. (B.11), the effective potential including the Debye-Waller-like factor into the Fourier transform becomes, again using as above
u = ⟨u2 ⟩∕2
+∞

veff (z) =

1
2𝜋 i ∫−∞

dq eiqz

2 2
1
e−q u
q − i2𝜅

+∞

=

1 −z2 ∕4u2
e
∫−∞
2𝜋 i

=

1 −z2 ∕4u2
e
∫−∞−iz∕2u
2𝜋 i

dq

2
1
e−(qu−iz∕2u)
q − i2𝜅

+∞−iz∕2u

dy

2
1
e−y .
y − i2𝜅 u + iz∕2u

(B.14)

Subject to the condition z > 4𝜅 u2 the above integral can be converted to a contour integral in the complex y-plane
veff (z) =

1 −z2 ∕4u2
e
2𝜋 i

{

∮

+∞

dy

2
2
1
1
dy
e−y +
e−y
∫−∞
y − i2𝜅 u + iz∕2u
y − i2𝜅 u + iz∕2u

}

.

(B.15)

The ﬁrst integral on the right hand side of Eq. (B.15) can be carried out using the calculus of residues on a contour that consists of a long
rectangle with one long side on the straight line at y = − iz∕2u and the return long side along the y = 0 axis, noting that the vertical ends
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at y → ±∞ give a vanishing contribution. The second integral on the right hand side of Eq. (B.15) can be related to an auxiliary function to the
error function, the function w(z) whose integral representation is given by [265].
w ( z) =

i

+∞

𝜋 ∫−∞

2
dt e−t

1

2

t+z

= e−z

[

]

1 − erf(−iz) .

(B.16)

With the above, Eq. (B.15) is cast into the form
veff (z) =

1 −z2 ∕4u2
e
2𝜋 i

= e−2𝜅 (z−2𝜅 u

2)

{
{

𝜋

2

2𝜋 ie−y |y=i2𝜅 u−iz∕2u + w(iz∕2u − i2𝜅 u)
i

1−

[

(

1
z
1 − erf
− 2𝜅 u
2
2u

)]}

}

.

(B.17)

The effective potential is seen to be a shifted exponential with the origin translated by 2𝜅 u2 , multiplied by a correction factor involving the
error function. We recall that the above analysis has two conditions, the ﬁrst z > 0 is superseded by the second which is z > 4𝜅 u2 since we
are working under the assumption that 𝜅 > 0. At the position z = 4𝜅 u2 the correction factor is −1∕2 and rapidly diminishes as z increases
positively away from the surface.

Fig. B.21 Effective potential derived from an exponential potential, compared to the original exponential and to a shifted exponential. Solid curve: effective potential; dashed
curve: exponential from which the effective potential was derived; and circles: exponential potential shifted by z → z − 2𝜅 u2 = z− 0.18 Å., with 𝜅 = 1 Å−1 , and u = 0.3 Å.

An example calculation for veff (z) is shown in Fig. B.21 for a typical interaction of He atoms with metal surfaces in which we choose
𝜅 = 1 Å−1 and u = 0.3 Å (a large value). This shows as a solid curve the effective potential veff (z), the dashed curve is the original exponential
exp{ − 2𝜅 z}, and the points are the original exponential shifted by z → z − 2𝜅 u2 = z − 0.18 Å. The agreement between the shifted exponential and the effective potential is quite good (at least in the region z ≳ 1 Å), implying that the effect of the Debye-Waller-like correction
to the effective potential is merely to shift the origin outward from the surface by about a distance given by Δz = 𝜅 < u2z >. This may, at ﬁrst
glance, appear like a trivial shift, however, a shift in position of the surface of that magnitude might become of importance when considering
the temperature-dependence of the shape of a corrugated surface.
It should also be noted that the numerical calculation shown in Fig. B.21 fails (i.e., it fails to look like an exponential), using the given
parameters, for z ≲ 0.5 Å. This is in part because the whole treatment depends on the condition z ≫ 4𝜅 u2 = 0.36 Å arising from the validity
of the (improper) Fourier transform used for an exponential. However, for this choice of the parameters 𝜅 and u, which is quite reasonable
for He atom scattering from metal surfaces, the classical turning point of He atoms with thermal energies of incidence would be substantially
larger than 1 Å from the outermost layer of crystal cores, so the above conclusions hold rather well.
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Appendix C. Classical Limit of the Phonon Displacement
In Subsection 4.4 an expression was presented in Eq. (105) for the effective displacement operator describing vibrations of the atom-surface
potential at the classical turning point, due to the electron-phonon coupling with the vibrations of the core atoms of the crystal. This is obtained
from the time and position dependent correlation function of Eq. (103), which for convenience is repeated here

⟨

eff

⟩

eff

u𝛼,j (0)u𝛼′ ,j′ (t )

∑∑
iQ·
= 2ℏ
C𝛼 (K, n, Q)C𝛼∗′ (K, n, Q)e
Q, 𝜈 K, n

×

{[

(

)

Rj −Rj′

]

}

nBE (𝜔(Q, 𝜈 )) + 1 e−i𝜔(Q,𝜈 )t + nBE (𝜔(Q, 𝜈 ))ei𝜔(Q,𝜈 )t ,

(C.1)

where the 𝛼 cartesian component of the vector C(K, n, ΔK) is

√

C𝛼 (K, n, Q) =

e𝛼 (Q, 𝜈 ) B𝛼 (K, n, Q)
1
(
) .
|
eff
NM𝜔(Q, 𝜈 ) 𝜒 (z) || ̂
q𝛼 nΔK (T , z)| 𝜒kfz (z)
kiz

|

(C.2)

|

Eq. (C.1) above implies that the time-dependent displacement operator can be written in the following form:
eff
u𝛼,j (t )

√

=

[
∑ ∑

2ℏ

Q, 𝜈

K, n

]1∕2
|2

|C (K, n, Q)
| 𝛼
|

[

]

eiQ· Rj ̂
a† (Q, 𝜈 )e−i𝜔(Q,𝜈 )t + ̂
a(Q, 𝜈 )ei𝜔(Q,𝜈 )t .

(C.3)

Eq. (C.3) is identical with the standard form exhibited in Eq. (A.1) of Appendix A, but with several important differences: (1) there is a summation over all occupied electronic states, (2) the polarization vector e𝛼 (Q, 𝜈 ) appearing in Eq. (A.1) now appears embedded in the more
complicated effective vector C𝛼 (K, n, Q), and (3) those mode polarization vectors e𝛼 (Q, 𝜈 ) and mass M contained in C𝛼 (K, n, Q) are speciﬁcally
identiﬁed as those of the core atoms.
It is of interest, e.g., for purposes of classical dynamics simulations, or inelastic close coupling calculations, to have a purely classical form
of the displacement. This is obtained from Eq. (C.3) by eliminating the quantum mechanical creation and annihilation operators using the
semi-classical transition

√

̂a† (Q, 𝜈 ) ⟶

nBE (𝜔(Q, 𝜈 )) + 1 ,

̂a(Q, 𝜈 ) ⟶

√

nBE (𝜔(Q, 𝜈 )) ,

(C.4)

which gives
eff
u𝛼,j (t )

√

=

[
∑ ∑

2ℏ

Q, 𝜈

K, n

]1∕2
|C (K, n, Q)|2
| 𝛼
|

eiQ· Rj

[√

nBE (𝜔(Q, 𝜈 )) + 1e−i𝜔(Q,𝜈 )t +

√

]

nBE (𝜔(Q, 𝜈 ))ei𝜔(Q,𝜈 )t .

(C.5)

Finally the last remnant of quantum mechanics disappears upon taking the high temperature limit

√
eff
u𝛼,j (t )

=4

[

kB T ∑ ∑ |
2
C (K, n, Q)||
2𝜔(Q, 𝜈 ) Q, 𝜈 K, n | 𝛼

] 1∕ 2
eiQ· Rj cos(𝜔(Q, 𝜈 )t ).

(C.6)

The above evaluates the displacement operator in terms of the mode speciﬁc electron-phonon coupling components C𝛼 (K, n, Q). This, in principle can be evaluated numerically from Eq. (102) and some of the approximations used in evaluating the correlation functions in Sec. 5 can be
applied in order to obtain simpler expressions.
The ﬁnal step is to write the classical phonon displacement vector as a function of the continuous variable R as, for example, is needed for
the coupled channels approach as in Eq. (167). This end result is simply to change the discrete position variable Rj in Eq. (C.6) by the continuous
variable, i.e.,

√

eff

u𝛼 (t ) = 4

[

kB T ∑ ∑ |
2
C (K, n, Q)||
2𝜔(Q, 𝜈 ) Q, 𝜈 K, n | 𝛼

]1∕2
eiQ· R cos(𝜔(Q, 𝜈 )t ).

(C.7)

The justiﬁcation for such a simple change comes from considerations of non-Bravais unit cells with a basis, brieﬂy mentioned above in connection with Eq. (17). Although for simplicity, we have not considered non-Bravais unit cells in this review, it is possible to do so by introducing
into the general form of the displacement operator a second discrete variable that counts elements of the basis within the unit cell, and this
is the integer 𝜅 that appears in Eq. (17) [264]. One can then consider the limit of a surface unit cell whose basis consists of a large number of
small units [52], and in this limit the discrete variable Rj in Eq. (C.6) is replaced by the continuous variable R appearing in Eq. (C.7).
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